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[bookmark: _Toc483228378][bookmark: _Toc120282730]Introduction
This booklet has been produced to support mathematics teachers delivering the new Pearson Edexcel Level 3 Advanced Subsidiary and Advanced GCE in Mathematics (8MA0 and 9MA0) specifications for first teaching from September 2017.
This booklet looks at statistics content of AS and A level Mathematics qualifications and is intended to offer explanations of the terminology that is being used in specifications, guidance on how to approach teaching of the content and help on where and how to use technology to support the delivery of the course. This document is designed to give teachers a starting point and does not include all possible approaches to topics discussed. 
[bookmark: _Toc483228379][bookmark: _Toc120282731]Content of Statistics

	Content
	AS level content
	A level content 

	Statistical sampling
	Population and sample
Sampling methods: simple random sampling, systematic sampling, stratified sampling, quota sampling and opportunity (convenience) sampling
	Population and sample.
Sampling methods: simple random sampling, systematic sampling, stratified sampling, quota sampling and opportunity sampling
Recognise when data are a sample or a population, important for hypothesis tests

	Data presentation and interpretation
	Histograms, frequency polygons, box and whisker plots and cumulative frequency diagrams
Scatter diagrams, correlation and regression lines for bivariate data.  Explanatory (independent) and response (dependent) variables Interpolation and extrapolation.
Measures of central tendency and variation for: raw or grouped data; continuous or discrete data. Use of coding.
Interpolation to calculate percentiles
Use of formulae for standard deviation
Cleaning data, missing data, errors and outliers.
Rules to identify outliers
Include or exclude outliers
	Histograms, frequency polygons, box and whisker plots and cumulative frequency diagrams.
Statistical analysis based on the shape of the distribution i.e. normally distributed or skewed.
Scatter diagrams, correlation and regression lines for bivariate data.  Explanatory (independent) and response (dependent) variables Interpolation and extrapolation.
Predictions.
Use of variables other than x and y.
Change of variable e.g. 
y=axn or y=kbx into linear form to estimate a and n or k and b.
Measures of central tendency and variation for: raw or grouped data; continuous or discrete data.  Use of coding.
Interpolation to calculate percentiles
Use of formulae for standard deviation
Cleaning data, missing data, errors and outliers.
Rules to identify outliers
Include or exclude outliers

	Probability
	Mutual exclusive and independent events
Venn diagrams, tree diagrams.
	Mutual exclusive, independent events and conditional probability
Venn diagrams, tree diagrams, two-way tables, set notation or formulae
Modelling with probability

	Statistical distributions
	Discrete distributions: binomial distribution, discrete uniform
Use of calculator to find individual or cumulative probabilities
	Discrete distributions: binomial distribution, discrete uniform
Use of calculator to find individual or cumulative probabilities 
The Normal distribution
Normal approximation to the binomial distribution
Continuity correction 
Use of calculator to find individual or cumulative probabilities 

	Hypothesis testing
	Hypothesis test for the proportion in the binomial distribution

	Hypothesis test for the proportion in the binomial distribution
Hypothesis test for the product moment correlation coefficient
Hypothesis test for the mean of a Normal distribution with know, given or assumed variance
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Definitions
Inferential statistics: methods of making decisions and predictions about a population based on a sample selected from the population.
Census: Only when a census is carried out does the whole target population take part in the study. Usually a sample is selected to save time and money or when it is not possible to carry out a census.
Samples: Provide a set of data values of a random variable, drawn from all such possible values. A sample is a subset of the target population.  
Target population: Often referred to as the population, is all the members of the population you would ideally like to take part in the study.
Sampling frame: A list (or database) of the target population. This is not always available.
Bias: A systematic error. For example, if your sampling method is to select every fourth member of the target population, which is a mix of male and female, but every fourth member in the list is male.  This is an error in the system used to select the sample and the sample will be biased.  
Sampling errors: There is always a sampling error as a sample is always part (a subset) of the population being investigated. It is important to understand that different samples will give a slightly different picture.  
Parameter: A numerical summary of the population, examples are the population mean,  and the population standard deviation, .  Population parameters are denoted using the Greek alphabet.

Statistic: A numerical summary of a sample, e.g. the sample mean, , and sample standard deviation, s.  Statistics are denoted using the Modern Latin alphabet.


Simple random sampling 
Simple random sampling is when every possible sample of given size has the same probability of being selected. This method relies on having a sampling frame. It can be time consuming and expensive to carry out.
One way to select a simple random sample of size 50 from a population of 300 would be to write the name of each member of the target population on a separate piece of identical paper, fold these identically, put them in a hat and randomly select 50. This is impractical and very time consuming.
Another way is to number each member of the population from 001 to 300 (or 000 to 299), then generate three digit random numbers. Discard three digit random numbers 000 and between 301 to 999 (or 300 to 999).  Also discard repeated random numbers.  Select the sample by matching the random numbers to the number given to the members of the population until you have a sample of size 50.
	Simple random sample

	Advantages
	Disadvantages

	Considered a fair way to select a sample.
Sample is probably representative of the population. 
	Not possible without a sampling frame.
Potentially time consuming, disruptive and expensive.



Systematic sampling 
Systematic sampling is when you choose a starting point at random then systematically select objects at a certain number apart.

For a population of 300 and a sample of 50: 
Choose a random starting point then select every 6th member of the population until you have a sample of 50.

	Systematic sampling

	Advantages
	Disadvantages

	It assures that the population will be evenly sampled.
Can be quick and easy to use.

	Not possible without a sampling frame.
If the sampling technique coincides with a periodic trait in the population, the sampling technique will no longer be representative. This would introduce bias.
There may be missing values in the population.





Stratified sampling
Stratified sampling is when the population is split into distinguishable groups which are quite different from each other, and which together cover the whole population. These groups are called strata.  Within each group, or stratum, a probability sample is selected. The frequencies for each group in the sample are often proportional to the frequencies for each group in the population – this is proportional stratified sampling.
If a population consist of 100 females and 200 males. To select a proportional stratified sample of size 50:
	Gender
	Calculation
	Stratified sample frequency

	Female
	

	17

	Male
	

	33



	Stratified sampling

	Advantages
	Disadvantages

	Minimises sample selection bias by ensuring certain segments of the population are not overrepresented or underrepresented.
The frequencies for each group in the sample can be proportional to the frequencies for each group in the population.
	Not possible without a sampling frame.
Strata must be carefully defined.
Sometimes difficult to split the population into naturally occurring groups.



Quota sampling 
Quota sampling is when the population is split into groups or strata as for stratified sampling. Then a judgement is used to select the members from each group. 
	Quota sampling

	Advantages
	Disadvantages

	The frequencies for each group in the sample can be proportional to the frequencies for each group in the population.
Does not need a sampling frame.
	Non-random.
Can be biased.






Opportunity sampling
Opportunity sampling is the sampling technique most used by social science researchers. It consists of taking the sample from the target population who are available at the time the study is carried out and fit the criteria you are looking for. 

	Opportunity sampling

	Advantages
	Disadvantages

	Easy to select the sample.
	Non-random.
Can be biased.



[image: ]
For questions on this topic see: AS level Mathematics Sample Assessment Material, Paper 2, Question 1(a) and (b).
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A histogram shows the distribution of a continuous variable. Therefore, there are no gaps between the bars. (However, there could be class intervals with zero frequency.)  
In a histogram:
· frequency  area of bar;
· frequency  height of bar × width of bar;
· if the classes are not the same width the heights of the bars need to be adjusted;
· the x-axis is a continuous linear scale;
· each bar starts at the lower class boundary and ends at the upper class boundary.

Histograms with equal class intervals
Grouped data can be expressed using different notation.
For example, consider the daily mean air temperature for Perth, May to October 2015.
	
Example 1:In Table 1:
For the class 8 - 11
8 is the lower class limit (lcl)
11 is the upper class limit (ucl)
7.5 is the lower class boundary (lcb)
11.5 is the upper class boundary (ucb)
The class boundaries are at the midpoint between the lower class limit of the lower class and upper class limit of the next class.


	Daily mean air temperature °C
	Daily mean air temperature °C

	811
	7.5 ≤ x < 11.5

	1215
	11.5 ≤ x < 15.5

	1619
	15.5 ≤ x < 19.5

	2023
	19.5 ≤ x < 23.5

	2427
	23.5 ≤ x < 27.5


			Table 1

Example 2:In Table 2:
For the class 8 – (12)
8 is the lcb
12 is the ucl



	Daily mean air temperature °C
	Daily mean air temperature °C

	8 (12)
	8 ≤ x < 12

	12 (16)
	12 ≤ x < 16

	16 (20)
	16 ≤ x < 20

	20 (24)
	20 ≤ x < 24

	24 (28)
	24 ≤ x < 28


			Table 2
Class width or class interval is the difference between the ucb and the lcb. 
[image: ]Figure 1 is not a histogram as it has gaps between the bars. It is plotted from Table 1 to show the class boundaries and limits.  Upper class limit for the class 16-19
Lower class limit for the class 16-19
Daily mean air temperature
Lower class boundary for the class 16-19
Upper class boundary for the class 16-19

						Figure 1

The histogram function in Excel uses the groups in Table 3 to plot the histogram in figure 2.

	Daily mean air temperature °C
Class limits
	Daily mean air temperature °C
Class boundaries
	Frequency

	(8)12
	8 < x ≤ 12
	27

	(12)16
	12 < x ≤ 16
	91

	(16)20
	16 < x ≤ 20
	49

	(20)24
	20 < x ≤ 24
	16

	(24)28
	24 < x ≤ 28
	1


	     Table 3: Daily mean air temperature Perth, May to October 2015
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Daily mean air temperature (Degrees C)


Figure 2
The histogram in Figure 2 shows that the shape of the distribution of daily mean air temperature in Perth, May to October 2015, is fairly symmetrical (or very slightly positively skewed).  

The skewness tells us about the shape of the distribution, it can be described by using the quartiles Q1, Q2, Q3 or the mean and median. (Please note: Skewness is not a part of the AS or A level Mathematics specifications; it appears in the Further Statistics 1 option in AS and A level Further Mathematics. It is perhaps sensible to have some idea of skewness here but it is not required to do so hence it is optional here).

	A negatively skewed distribution has:
A long tail to the left
Q2 – Q1 > Q3 – Q2
[image: ][image: ]median > mean
	A symmetric
distribution has:
Equal length tails
Q3 – Q2 ≈ Q2 – Q1
[image: ][image: ]median ≈ mean

	A positively skewed distribution has:
A long tail to the right
Q3 – Q2 > Q2 – Q1
[image: ][image: ]median < mean





Figure 3 shows the distribution of daily total rainfall for Perth, May to October 2015.  The distribution is positively skewed.




[image: ]









Figure 3

The appropriate measures of location and spread to use to describe the distribution depend on its shape.

	Variable
	Population mean 
	Population standard deviation 
	Lower quartile Q1
	Median Q2
	Upper quartile Q3
	
IQR

	Daily mean air temperature °C
	15.22
	3.33
	12.89
	14.96
	17.13
	4.24

	Daily total rainfall (mm)
	5.26
	12.12
	0.00
	0.00
	4.05
	4.05


Table 4: Perth, May to October 2015
The summary statistics in Table 4 show the mean and median for the daily mean air temperature are approximately the same. This is expected as the distribution is fairly symmetrical. 
But for the daily total rainfall: 
Q3 – Q2 > Q2 – Q1
		      4.05 – 0.00 >   0.00 – 0.00
		         median	<   mean
		            0.00	<    5.26	as the distribution is positively skewed.
The few very high (extreme) total rainfall amounts are distorting the mean and standard deviation as all the values are used in their calculation.  

Outliers
Outliers are extreme values (either small or large) that can largely influence statistical analysis. They are shown as crosses on a box plot.
Outliers need to be investigated and a decision made as to whether to include them in the analysis. It is not acceptable to drop an observation just because it is an outlier. They can be legitimate observations and are sometimes the most interesting ones. It is important to investigate the nature of the outlier before deciding whether to exclude or include it.
The value may have been recorded incorrectly and it is obvious how to correct it. For example, it may have been recorded in metres instead centimetres.
The value may have been recorded incorrectly but it is possible to get the correct value. For example, the height of a famous sports person.
The value may be due to natural variation in the data.
If the outlier is obviously an error, then it should be excluded.
There are many tests to decide if data are outliers. Two examples are:
	
	Outlier lower limit 
Outlier if value <
	Outlier upper limit 
Outlier if value >

	Using quartiles and IQR
	Q1 – 1.5 × IQR
	Q3 + 1.5 × IQR

	Using mean and standard deviation
	Mean – 3 × standard deviation
	Mean + 3 × standard deviation
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There are two lower outliers for daily mean air temperature for Beijing, May to October 2015. These values are not errors as they are for the 29 and 30 October, going towards the colder winter weather.  These outliers should not be removed.


Histograms with unequal class intervals
In a histogram, the area of the bar is proportional to the frequency of the class interval it represents.  If the class intervals are not equal the heights of the bars need to be adjusted.  
Consider the data in Table 5 for the daily mean air temperature, t, for Beijing, May to October 2015.   The classes are not of equal width. The heights of the bars must be adjusted so the area of the bar is proportional to the frequency of the class, otherwise the shape of the distribution will be distorted.   The calculations for these adjustments are shown in Table 5. 

	Daily mean air temperature Beijing, t (oC)
	Frequency, f
	Class width
	Frequency density


	Relative frequency density



	6 ≤ t < 10
	5
	4
	1.25
	


	10 ≤ t < 16
	17
	6
	2.83
	0.0154

	16 ≤ t < 22
	49
	6
	8.17
	0.0444

	22 ≤ t < 26
	54
	4
	13.5
	0.0734

	26 ≤ t < 30
	54
	4
	13.5
	0.0734

	30 ≤ t < 34
	5
	4
	1.25
	0.0068


Table 5

	Heights of bars not adjusted
	Heights of bars adjusted

	[image: ]
Figure 4
	[image: ]
Figure 5






Mean and standard deviation
The appropriate measures of location and spread to use for the daily mean air temperature for Perth, May to October 2015 are the mean and standard deviation as the distribution is fairly symmetrical.
For the raw data

For a set of n values 

				       
Example 3:
Let X represent the distribution of the daily mean air temperature for Perth, May to October 2015. 

					
Calculate the mean and the population standard deviation.

					 

      			    


For grouped data
The measures of location and spread for grouped data will be estimates as the individual values of the raw data are not used. The class midpoints (also call the mid-intervals) are used as estimates for each group (Table 6).  				

		  	 	     where x is the midpoint of each class.

	            Standard deviation =   
	Daily mean air temperature °C
	Frequency, f
	
Class midpoint, x 
	Class-midpoint × frequency fx
	Class-midpoint2 × frequency fx2

	811
	20
	

	9.5 × 20 = 190.0
	9.52 × 20 = 1805

	1215
	81
	13.5
	1093.5
	14762.25

	1619
	58
	17.5
	1015.0
	17762.50

	2023
	23
	21.5
	494.5
	10631.75

	2427
	2
	25.5
	51.0
	1300.50

	Totals
	184
	
	2844.0
	46262.00


Table 6

	  	
                         		

         	
	


Using the Casio fx-991EX scientific calculator you can check the answers by doing the following:

Go to the Menu and select ‘6: Statistics’ 

Select ‘1: 1 – Variable’

This will then display a table for entering x values. 
You also need a frequency column so select ‘Shift’ & ‘Setup’, move to the second page and select ‘3: Statistics’ and select ‘1: On’ for the Frequency.

Then enter the mid points and the frequency from the data.

	In column x enter the midpoint values (you can also enter the calculation for the midpoint here if you wish)

In column Freq enter the frequencies

	x
	Freq

	
	9.5
	20

	
	13.5
	81

	
	17.5
	58

	
	21.5
	23

	
	25.5
	2


Press the ‘OPTN’ key and select ‘3: 1 – Variable Calc’
This will give the following summary statistics:
	n =  
	184
	Number of values

	
=
	15.46
	Mean

	
=
	3.54
	Population standard deviation

	
=
	2844
	Sum of the x values

	
=
	46262
	Sum of the x2 values


Table 7
The values in Table 7 agree with the calculated results.
A video tutorial is available here: https://education.casio.co.uk/resources/videos/grouped-data-statistics
Other calculators will have similar functions available.




Coding
If, for some reason, there is no access to software or a calculator the calculation of the mean and variance can be made slightly easier by using coding.
To find the mean of the daily mean air temperature for Perth, May to October 2015 using coding: subtract 9.5 from each midpoint then divide by 4 (Table 8).

	Daily mean air temperature, 
x °C
	Frequency, f
	
Class midpoint 
	

	Coded-midpoint × frequency
	Coded-midpoint2 × frequency

	811
	20
	9.5
	

	0 × 20 = 0
	02 × 20 = 0

	1215
	81
	13.5
	1
	81
	81

	1619
	58
	17.5
	2
	116
	232

	2023
	23
	21.5
	3
	69
	207

	2427
	2
	25.5
	4
	8
	32

	Totals
	184
	
	
	274
	552


Table 8

Coded Mean  					

Coded Population variance 				
Coded Population standard deviation	= 0.88  	A calculator was used for this 
stage of the calculation
Undo the coding for the mean:

	Coding 			  

	Uncoded mean 		

					

 					

Undo the coding for the standard deviation:
The population variance and standard deviation will not change by subtracting or adding a constant to each value in the dataset as all the data will shift by the same amount. Subtracting 9.5 from the mid-values has no effect on the spread.
However, dividing or multiplying each value in the dataset by a constant will affect the spread of data. Dividing all the data by 4 will decrease the standard deviation by a factor of 4 i.e. the spread will be 4 times smaller. And the variance will be 42 = 16 times smaller. 	

	Uncoded variance		= coded variance × 42
					= 0.78 × 16 
					= 12.48 (oC)2
	Uncoded standard deviation 	= coded standard deviation × 4
					= 0.88 × 4
					= 3.52 oC	the slight difference in the values is due to 								rounding errors
The general case:
If a set of data values X is related to a set of values Y so that Y = a X + b, then:

		       mean of Y	 = a × mean of X + b

          standard deviation of Y 	= a × standard deviation of X

                          variance of Y = a2 × variance of X



[image: ]Median and interquartile range
The distribution of the daily mean air temperature in Beijing, May to October 2015, is negatively skewed. The mean and the standard deviation will be affected by the few small values so the median and IQR will be calculated here.

Example 4:
Using interpolation to find Q1
To find the value below which 25% of the values lie.
	25% of 184 = 0.75 × 184 = 46

To find the class the 46th value is in the cumulative frequencies need to be calculated (Table 9).
	Daily mean air temperature Beijing, t (oC)
	Upper class boundaries
	Frequency, f
	Cumulative frequency

	6 ≤ t < 10
	10
	5
	5

	10 ≤ t < 16
	16
	17
	22Q1 is in this class


	16 ≤ t < 22
	22
	49
	71

	22 ≤ t < 26
	26
	54
	125

	26 ≤ t < 30
	30
	54
	179

	30 ≤ t < 34
	34
	5
	184


Table 9
Q1 is in the 16 ≤ t < 22 class.
How far in?
The diagram below helps to find the value.
[image: ]


By formula:
For class 16 ≤ t < 22



where Q is the position of the required percentile, Q = 46

			Q1	 						
      				= 18.94 o C						

These methods are also used to find percentiles and inter-percentile ranges. The latter is the difference between two percentiles, for example:  P95 – P5.



Interpretation of measures of location and spread
To compare the daily maximum temperatures and daily total rainfall for Leuchars and Camborne box plots were plotted and measures of location and spread calculated, Figure 6, Figure 7 and Table 10.
[image: ][image: ]










Figure 6						Figure 7

	Daily maximum temperature June 2015(oC)

	
	
	
	Q1
	Q2
	Q3
	IQR

	Leuchars
	14.01
	2.60
	12.60
	14.10
	16.00
	3.40

	Camborne
	13.63
	1.20
	12.80
	13.40
	14.20
	1.40

	Daily total rainfall June 2015 (mm)

	
	
	
	Q1
	Q2
	Q3
	IQR

	Leuchars
	2.53
	4.26
	0.03
	0.60
	3.00
	2.97

	Camborne
	2.06
	3.65
	0.03
	0.20
	2.40
	2.37


Table 10

The box plots show that the distributions for daily maximum temperature for both Leuchars and Camborne are fairly symmetrical. It seems to be slightly warmer in Leuchars than Camborne with means of 14.1oC and 13.6 oC respectively.  However, the temperature in Leuchars is far less consistent than in Camborne. The population standard deviation for Leuchars is over double that of Camborne.
The distributions for daily total rainfall in Leuchars and Camborne in June 2015 are positively skewed. The box plots and the medians suggest there is slightly more rainfall in Leuchars than Camborne with medians 0.6 mm and 0.2 mm respectively. The rainfall in Camborne is slightly more consistent with the two most extreme values being less than those in Leuchars.
For questions on this topic see: A level Mathematics Sample Assessment Material, Paper 3, Question 1; AS Mathematics Sample Assessmnet Material, Paper 2, Questions 1(c) and 2.
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Laws of Probability
Events
An event is a set of possible outcomes from an experiment.
The probability P(A) of any event A satisfies 0 ≤ P(A) ≤ 1.
If S is the sample space in a probability model, then P(S) = 1.

For any event A, P(A does not occur) = 1 – P(A).P(A)
P(A)

Notation for P(A does not occur) is P(A) and is called the complement of A.

[image: ]If events A and B are mutually exclusive they cannot happen together and:
[image: ]	 P(A or B) = P(A) + P(B)
	 P(AB) = P(A) + P(B)
Notation for P(A or B) is P(A  B), P(A union B).


[image: ]
For events A and B
Notation for P(A and B) is P(A  B), P(A intersection B).




[image: ]
For events A and B that are not mutually exclusive
	P(A ∪ B) = P(A) + P(B) – P(A  B)




Two events A and B are independent if knowing that one occurs does not change the probability that the other occurs. If A and B are independent:	
	P(A and B) = P(A) × P(B)
	P(A  B)  = P(A) × P(B)

[image: ]The probability assigned to an event can change if it is known that some other event has occurred. For events A and B, the probability that A will occur given B has already occurred is called conditional probability.

			P(A given B)  =   P(A│B) = 
Given B has happened i.e. consider B only (the denominator)
A can only happen in the intersection of A and B (the numerator)

If two events are independent then:	P(A│B) = P(A) 


	Probability
	Description
	Venn diagram

	P(A  B)
	A intersection not B
i.e. in A overlapping with outside B
	


	P(A  B)
	Not A intersection B
i.e.  outside A and overlapping B
	


	P(A  B)
	Not (A intersection B)
i.e. everything outside the intersection of A and B
	


	P(A  B)
	Not A intersection not B
i.e.  outside A overlapping with outside B
	


	P(A  B)
	Not A, union B
Not A plus B
	


	P(A  B)
	Not B, union A
Not B plus A
	


	P(A  B)
	Not (A union B)
Everything outside 
A union B

	






Conditional probability
Screening tests are used to classify people as healthy or as falling into one or more disease categories. They are not 100% accurate. Screening test measures are conditional probabilities.
Example 5:
A particular disease is known to affect 200 people in 10 000.  
A screening test for this disease shows a positive result for 90% of people who have the disease and for 1% of people who do not have the disease.
For a population of 10 000 people construct and complete a two-way table showing the frequencies, by the screening test result, for having and not having the disease.

There are two events:
	D ≈ whether a person has the disease 
	T ≈ the result of the screening test

Add the frequencies into the table that are given, shown in bold in Table 11. The rest of the frequencies can be calculated by subtraction.
	
	D (having the disease)
	D (not having the disease)
	Total

	T+ (a positive screening result)
	90% of 200 = 180
	1% of 9800 = 98
	278

	T– (a negative screening result)
	20
	9702
	9722

	Total
	200
	9800
	10000


Table 11



Find the probability that a person randomly chosen from the population of 10 000 will receive a positive test can be calculated by using formula or by constructing a tree diagram.
By formulae:
            P(T+) 		  =	            P(T+  D )		  +	            P(T+  D )  
		The probability of receiving a positive test result


The probability of receiving a positive test result and the person has the disease


The probability of receiving a positive test result and the person does not have the disease
=


+




   	P(T+) 		 =		P(T+ │D+ ) ×  P(D+ )	  +	P(T+ │D ) × P(D )  	
			 =   		        0.9 × 0.02	  +	         0.01 × 0.98
			 =  			0.0278
By tree diagram:
90% × 0.02 = 0.018   
180 people
T+

90%




D

0.02

10%

10% × 0.02 = 0.002
 20 people
T–



1% × 0.98 = 0.0098
 98 people
T+
1 %


0.98

D



99%


T–
99% × 0.98 = 0.9702 
9702 people




The probability that a person randomly chosen from the population of 10 000 will receive a positive test 
 			= 	0.018 + 0.0098 
			=	0.0278
For questions on this topic see: A level Mathematics Sample Assessment Material, Paper 3, Question 4; AS Mathematics Sample Assessmnet Material, Paper 2, Question 3.
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Bivariate data 
Bivariate data are data that have two variables i.e. where each member of the sample requires the values of two variables.
Independent variables
An independent variable (explanatory variable) is the variable that can be controlled or one that explains the other variable.  E.g. independent variables are the variables that the experimenter changes to test the dependent variable. When taking a temperature every minute, time is the independent variable.
Dependent variables
A dependent variable (response variable) is a variable whose value depends on the value of another variable.  E.g. in the example above, temperature is the dependent variable.
The dependent variable is plotted on the vertical axis.  	
For variables X and Y if points in a scatter diagram seem to lie near a straight line, there is a linear correlation between x and y.
A positive linear correlation 		- if y tends to increase as x increases
A negative linear correlation		- if y tends to increase as x decreases
No linear correlation			- if there is no linear relationship between x and y.
Pearson’s product-moment correlation coefficient
This provides a standardised measure of linear correlation. Its value lies within –1 and +1. A value of +1 means perfect positive correlation; in this case all the points on the scatter diagram would lie in a straight line with a positive gradient.
A value of –1 means perfect negative correlation; in this case all the points on the scatter diagram would lie in a straight line with a negative gradient.
A value close to 0 means there is no correlation.  



For a set of n pairs of values 







The product moment correlation coefficient is 
* Knowledge of the formula is not required and so candidates would simply be expected to calculate r as a summary statistic by inserting the data in the question and using the facilities on their calculators.
Example 6:
A random sample of 10 days was selected from August 2015. The daily total sunshine and daily mean total cloud cover in Leuchars for these 10 days are shown in Table 12. The scatter diagram in figure 8 shows the relationship between these two variables.
[image: ]Figure 8

	Daily mean total cloud cover (oktas)
	Daily total sunshine
(hours)

	[bookmark: _Hlk121746235]4
	5.6

	5
	4.5

	4
	7.6

	7
	3.1

	6
	8.3

	8
	1.0

	8
	0.9

	7
	1.7

	4
	10.5

	8
	2.7


		Table 12


Using the Casio fx-991EX scientific calculator you can calculate the product moment correlation coefficient (pmcc) by doing the following:

Go to the Menu and select ‘6: Statistics’ 

Select ‘2: y = a + bx’

This will then display a table for entering x values. 
You also need a frequency column so select ‘Shift’ & ‘Setup’, move to the second page and select ‘3: Statistics’ and select ‘2: Off’ for the Frequency.

Then enter the data from Table 12 
In column x enter the daily mean total cloud cover values, 
In column y enter the daily total sunshine values.

Press AC then the ‘OPTN’ key and select ‘3: Regression Calc’
This will give the following summary statistics:
	a =
	14.23
	The gradient of the equation of regression for y on x

	b =
	– 1.58
	The intercept of the equation of regression for y on x

	r =
	– 0.822
	Product moment correlation coefficient


Table 13
The product moment correlation coefficient for daily total sunshine and daily total cloud cover is 
r = – 0.822.  
Other calculators will have similar functions available.
The interpretation of the correlation coefficient is as daily total sunshine increases (rises) daily total cloud cover decreases (falls).


Hypothesis tests
A hypothesis test is a statistical test that is used to determine whether there is enough evidence in a sample of data to infer that a certain condition is true for the entire population. A hypothesis test examines two opposing hypotheses about a population: the null hypothesis and the alternative hypothesis.
Definitions
Null hypothesis: H0, is the hypothesis that the population product moment correlation coefficient is zero, i.e. there is no correlation between daily mean windspeed and daily maximum temperature.
It is important that candidates understand they are using a sample to make inferences about the population.  The null and alternative hypotheses always refer to the population.
Alternative hypothesis: H1, is the hypothesis that the population product moment correlation coefficient is either different to zero, greater than zero or less than zero. In other words, the sample observations are influenced by some non-random cause.  
For example:
	
	H1 One- or two-tailed 
	H1
	Comment

	Test for a difference or a change
	Two-tailed
	
H1: 
	Both an increase and decrease  are being tested

	Test for an increase or
greater than
	One-tailed
	
H1:
	Only interested in an increase

	Test for a decrease,
Reduction or less than
	One-tailed
	
H1: 
	Only interested in a decrease; reduction


The significance level of a hypothesis test is the probability of rejecting the null hypothesis given that it is true.
Test statistics: In hypothesis testing, the test statistic is a value computed from sample data. The test statistic is used to assess the strength of evidence in support of a null hypothesis. 
Critical value: In hypothesis testing, a critical value is a value that is compared to the test statistic to determine whether to reject the null hypothesis. If the absolute value of your test statistic is greater than (or less than when considering a negative test statistic) the critical value, you can declare statistical significance and reject the null hypothesis.
Critical region: The rejection region for the null hypothesis in the testing of a hypothesis.
Acceptance region: The rejection region for the alternative hypothesis in the testing of a hypothesis.
p-value: Defined informally as the probability of obtaining a result equal to or "more extreme" than what was actually observed, when the null hypothesis is true.
Example 7
[image: ]Look at data from Example 6 (Table 12), copy of the data below:
	Daily mean total cloud cover (oktas)
	Daily total sunshine
(hours)

	4
	5.6

	5
	4.5

	4
	7.6

	7
	3.1

	6
	8.3

	8
	1.0

	8
	0.9

	7
	1.7

	4
	10.5

	8
	2.7


State the hypotheses and clearly test, at the 5% significance level, whether there is a correlation between daily total sunshine and daily mean total cloud cover.
The conditions (assumptions) for this test:
The data are assumed to be random.
The data are drawn from underlying bivariate Normal distributions. You can recognise bivariate normality from the fact that the data points lie within an elliptical cloud.
Assume the above conditions hold.



To carry out the hypothesis test using a test statistic and a critical region
Let  be the population product moment correlation coefficient for daily total sunshine and daily mean total cloud cover.
Steps to carry out a hypothesis test:
1. State null and alternative hypotheses 
		H0:  = 0
		H1:  ≠ 0	two-tailed			
2. State the level of test
		  = 5%
3. Find the test statistic 
In this case the test statistic is the correlation coefficient, r = – 0.822
4. Find the critical region
	
[image: ]Using ‘Mathematical formulae and statistical tables’, page 34 ‘Critical Values for 
Correlation Coefficients’ for n = 10, , 2.5% in each tail
	
	



The critical value is 0.6319 and the critical region is ≤ – 0.6319 and ≥ 0.6319.


5. Decide if the test statistic is in the critical region
Since – 0.822 < – 0.6319, the test statistic is in the critical region
6. State conclusion
Reject H0 
7. Report your findings – always conclude in context 
There is evidence to suggest the product moment correlation coefficient between daily total sunshine and daily mean total cloud cover is not equal to zero. 




Some examples of interpretation of the correlation:

	Scatter diagram
	Pearson’s correlation coefficient
	Interpretation

	[image: ]
	0.524
positive correlation
	As daily maximum temperature increases/rises, the daily total sunshine increases/rises	
(Or as daily total sunshine increases/rises, the daily maximum temperature increases/rises)			
As daily maximum temperature decreases/falls, the daily total sunshine decreases/falls	
(Or as daily total sunshine decreases/falls, the daily maximum temperature/falls	

	[image: ]
	– 0.599
negative correlation
	As daily total sunshine increases/rises, the daily maximum relative humidity decreases (falls)
(Or as daily maximum relative humidity increases/rises daily total sunshine decreases/falls)		
As daily total sunshine decreases/falls, the daily maximum relative humidity increases/rises
(Or as daily maximum relative humidity decreases/falls, the daily total sunshine increases/rises)

	[image: ]
	0.115
no correlation
	There is no correlation between daily mean windspeed and daily total sunshine.
If daily windspeed increases (or decreases) this has no or little effect on daily total sunshine.
(Or if daily total sunshine increases (or decreases) this has no or little effect on daily windspeed.)




Correlation and causation
A correlation between two variables does not automatically mean that the change in one variable is the cause of the change in the values of the other variable. Causation indicates that one event is the result of the occurrence of the other event, i.e. there is a causal relationship between the two events.
For example:
There is a positive correlation between the daily total sunshine and daily mean total cloud cover for Leuchars, August 2015. This is probably causal as the amount of cloud cover directly affects the amount of sunshine.
There is a positive correlation between the number of ice creams sold and number of drownings. This is not causal. There is a third variable, temperature, which affects the number of ice creams sold and the number of drownings (as when it is hot more people swim). Eating ice cream is probably not the direct cause of drowning.
It is reported, based on a sample of students aged between 11 and 16, that taller children have a better vocabulary. This is probably not causal. The variable that is probably causing this correlation is age.  Older children are on average taller and also, on average, have a better vocabulary.



Line of regression (regression model)
A correlation coefficient provides a measure of the level of association between two variables in a bivariate distribution. If this indicates there is a relationship this relationship can be expressed algebraically as a linear equation or geometrically as a straight line on the scatter diagram.

The fitted straight line or line of regression model is given by:

	The regression coefficient of y on x is   


	 Least squares regression line of y on x is  where 
The regression equation for the daily total sunshine against the daily mean total cloud cover for the random sample of 10 days selected from August 2015 in Leuchars is:
	Daily total sunshine = 14.2  1.6 × Daily mean total cloud cover
[image: ]













Interpreting the gradient of the equation of regression.


Change in daily total sunshine (hours) per change in daily mean total cloud cover (oktas)
Daily total sunshine decreases by 1.6 hours as daily mean total cloud cover increases by 1 oktas.
Or
Daily total sunshine increases by 1.6 hours as daily mean total cloud cover decreases by 1 oktas.
Use the regression equation below to predict the daily total sunshine for daily mean total cloud cover of 6 oktas.
	Daily total sunshine = 14.2 – 1.6 × Daily mean total cloud cover
	Daily total sunshine = 14.2 – 1.6 × 6
		        	         = 4.6 hours

Examples of interpretation of the gradient of the equation of regression:
	Scatter diagram and regression model
	Interpretation of the gradient of regression

	[image: ]
	


Change in daily total sunshine (hours) per change daily maximum temperature (oC)

Daily total sunshine increases by 0.78 hours  as daily maximum temperature increases by 1 oC

	[image: ]

	


Change in daily maximum relative humidity (%) per change in daily maximum sunshine (hour)

Daily maximum relative humidity decreases by 0.64 (%)  as daily total sunshine increases by 1 hour

	[image: ]
	No correlation – no line of regression





Extrapolation and interpolation
Interpolation is the prediction within the range of the data. As long as your regression model is accurate, i.e. there should not be too much scatter about the line of regression, it should give reliable results.  
Extrapolation is a prediction outside the range of the data. The further beyond the range of the data the prediction is made the less reliable the result.  
For questions on this topic see: A level Mathematics Sample Assessment Material, Paper 3, 
Question 2; AS Mathematics Sample Assessmnet Material, Paper 2, Question 4.

Transformation to a straight line
Sometimes the straight-line regression model y = a + bx is inappropriate because the relationship between the two variables is nonlinear. In some situations a nonlinear function can be expressed as a straight line by using a simple transformation. 
For example:
[image: ] 











Figure 9
Figure 9 shows that there is a relationship between population and year for Uganda, but this relationship is not linear.



Consider the relationship y = kbx, where k and b are constants					
This function (relationship) can be transformed to a straight line using a logarithmic transformation.
	ln |y| = ln |k| + ln |b| × x
where, ln |b| is the gradient of the line and, ln |k| is the intercept, when ln |y| is plotted again x.
[image: ]So for 
	population = kbyear
      ln (population) = ln |k| + ln |b| × year 
      ln (population) = – 45.96 + 0.03147 × year

So 	ln |b| = 0.03147    	b = 1.0320					
	ln |k| = – 45.96    	k = 1.1 × 10-20
	population = 1.1×10 –20 × (1.0320)year

To predict the population in Uganda in 2020
	population = 1.1×10–20  × (1.0320)2020
		       = 47 247 758

Consider the relationship y = axn, where a and n are constants		
This function (relationship) can be transformed to a straight line using a logarithmic transformation.
	ln |y| = ln |a| + n × ln |x|
where, n is the gradient of the line and ln |a| is the intercept, when ln |y| is plotted again ln |x|.


[bookmark: _Toc483228384][bookmark: _Toc120282736]Normal distribution (A level)
A random variable is a quantity that can take any value determined by the outcome of a random event.


A Normal distribution for a random variable X is represented by a symmetrical, bell-shaped curve.  The shape of the distribution depends on two parameters, the mean, , and variance, , and is denoted by:  

[image: ]Properties of the Normal distribution
It is symmetrical about its mean.
Approximately 68% (about two-thirds) of the data lie within 1 standard deviation of the mean.


The points of inflection on the normal curve are 68%



[image: ]

Approximately 95% of the data lie within 2 standard deviations of the mean.

95%







[image: ]Nearly all the data lie within 3 standard deviations of the mean 




99.7%







The area under the Normal curve is 1 unit regardless of the values of the mean and standard deviation.  
· Half the area is below the mean and half the area is above the mean. 
· The area under the curve represents the probability for the associated value of X.
· If  the mean, , and standard deviation, , are known for a Normal distribution the distribution can be standardised by subtracting the mean and dividing by the standard deviation.


Let X be any Normal variable  then  where Z ~ N(0,1)
Calculating probabilities and proportions for any Normal distribution
Using the Casio fx-991EX scientific calculator you can calculate the following:

Go to the Menu and select ‘7: Distribution’ 

The options are shown in the table 14.

	Distributions
	Description
	This gives
	Graph
	Calculator input

	1: Normal PD
	Probability density function (pdf) for a Normal distribution
	The height of the distribution at a given point.  This is not used to calculate probabilities.
E.g.  if you wished to find P(X = 10) you would use the Normal cdf
P(9.5 <  X < 10.5)
	[image: ]
	· X value
· Mean 
· Standard deviation

Not used to find probabilities.


	2: Normal CD
	Cumulative density function (cdf) for a Normal distribution
	The cdf is
P(X ≤ x)
The probability can be calculated by entering the lower and upper X values
	[image: ]
	· Mean 
· Standard deviation 
· Lower X value
· Upper X value

	3: Inverse Normal
	Inverse cumulative density function for a Normal distribution
	The value of X below which is a given area 

	[image: ]
	· Area
· Mean
· Standard deviation


Table 14




Example 8
If X represents a Normal distribution with mean 12 and standard deviation 4.  
Find the probability that X is greater than 14.  
To answer this question:
1. Write down the distribution in the correct form.
X ~ N(12, 42)
Note: in this case you have been given the standard deviation. Sometimes you are given the variance which is the standard deviation squared.  
2. [image: ]Write down the probability you are finding (a sketch might be helpful to check the correct region)
P(X > 14)  




3. Use a calculator to calculate the probabilityUsing the calculator (Casio fx-991EX)
MENU
7: Distribution
2: Normal CD
Lower x value = 14
Upper x value = 1000 (large value)

Standard deviation  = 4

Mean  = 12
=

P(X > 14) = 0.3085






4. Double check the solution is for the correct region
From the sketch this seems a reasonable answer as the expected probability is less than 0.5.



Example 9
The weight of Euro coins is normally distributed with mean  g and standard deviation 0.033 g. If a coin is heavier than 7.62 g it will not work in a particular type of pay machine.  0.1% of euros are rejected from these pay machines. Find the mean of the distribution. 
To answer this question:
1. Write down the distribution in the correct form.
		W ~ N(, 0.0332) 	where W is the weight of euros
2. Write what is given.
            	P(W > 7.62) = 0.001
3. Standardise W  by subtracting the mean and dividing by the standard deviation.


		P(W > 7.62) =   or   P(W < 7.62) = 
4. Work out the z-value using either the ‘Mathematical formulae and statistical tables’ or a calculator	     
	Using’ Mathematical formulae and statistical tables’.
Page 31 ‘Percentage points of the Normal Distribution tables’
	Using the calculator 
(Casio fx-991EX)

	The values z in the table are those which a random variable Z ~ N(0, 1) exceeds with probability p; that is, P(Z > z) = 1 – (z) = p.


z =  3.0902
These tables give P(Z > z) 

	MENU
7: Distribution
3: Inverse Normal
Area = 0.999

Standard deviation  = 1

[image: ]Mean  = 0




z = 3.0902   
The calculator gives the cdf i.e. P(Z < z)



5. Substitute the z-value and solve to find the mean

  		
For questions on this topic see: A level Mathematics Sample Assessment Material, Paper 3,
 Question 1 (e),(f), 3 (a).
To carry out a hypothesis test for the mean of a Normal distribution with known variance
Conditions (assumptions) for this test:
· The data have been assumed to be random.
· Each observation must be independent of the others.
· The population standard deviation must be known.
· The distribution of the population must be Normal or approximately Normal.

Example 10
Experience has shown that the scores obtained in a particular exam are normally distributed with mean 70 marks and variance 36 marks.
When the exam is taken by a random sample of 49 students, the mean score is 68.5. Is there sufficient evidence, at the 5% level, that these students have not performed as well as expected?
To answer this question:
Use the test for the mean of a Normal distribution with known variance, the One sample Z-test.
It is important to understand a sample is being used to make inferences about the population. The null hypothesis is always about the population. µ is the population mean and  is the sample mean.
Using a test statistic and critical region
1. Let µ = the population mean mark for the exam
2. State null and alternative hypotheses 
		H0: µ = 70
	H1: µ < 70   	one-tailed as testing whether the students have not performed as well 
                         as expected.
3. State the level of test
	 α = 5%
4. Find the test statistic 

		Z  	for a random sample of n observations from N(µ, σ²)

		z    
		z = – 1.75							


5. Find the critical region
	Using’ Mathematical formulae and statistical tables’.
Page 31 ‘Percentage points of the Normal Distribution tables’
	Using the calculator 
(Casio fx-991EX)

	







The values z in the table are those which a random variable Z ~ N(0, 1) exceeds with probability p; that is, P(Z > z) = 1 – (z) = p.
[image: ]These tables give P(Z > z)    z =1.6449
For P(Z < z) = 0.05
z = – 1.6449  

	MENU
7: Distribution
3: Inverse Normal
Area = 0.05

Standard deviation  = 1

Mean  = 0
[image: ]




z = – 1.6449   
The calculator gives the cdf i.e.P(Z < z)



The critical value is – 1.6449 and the critical region is ≤ – 1.6449


6. Decide if the test statistic is in the critical region
Since – 1.75 < – 1.6449, the test statistic is in the critical region
7. State conclusion
	Reject H0 in favour of H1
8. Report your findings – always conclude in context 
There is evidence to suggest the students have under achieved.	



To carry out the test using a p-value
1. State null and alternative hypotheses 
		H0: µ = 70
		H1: µ < 70   	
2. State the level of test
            α = 5%
3. Calculate the p-valueUsing the calculator (Casio fx-991EX)
MENU
7: Distribution
2: Normal CD
Lower x value = –1000 (small value)
Upper x value = 68.5


Standard deviation  = 

Mean  = 70
=


         gives the p-value

             		
           = 0.0401					

4. Decide if the p-value < level of significance
		Since 0.0401 < 0.05, the p-value < level of significance
5. State conclusion
		Reject H0 in favour of H1
6. Report your findings  
		There is evidence to suggest the students have under achieved.

For questions on this topic see: A level Mathematics Sample Assessment Material, Paper 3, 
Question 3 (c).
	 



[bookmark: _Toc483228385][bookmark: _Toc120282737]Binomial Hypothesis Test (AS and A level)

The binomial model is the number of successes in a fixed number of trials. Parameters are n, 
the number of trials, and p, the probability of success.
	Y ~ B(n, p)
This is a discrete distribution as Y can only take the value of whole numbers.
The conditions (assumptions) for using the binomial distribution:
· The trials are conducted on random samples.
· Each trial is independent.
· The probability, p, of success is the same for each trial.
· There is only the probability of success, or failure, (1 – p).
Mean = np   Variance = np(1 – p)
Examples
The number of baskets (goals) a basketball player makes out of 10 shots. 
The number of children who have a weekend birthday in a class of 20.
The number of defective items in a packet of 15.




Example 11
For a binomial distribution X ~ B(10, 0.2) find P(X = 2)
Using ‘Mathematical formulae and statistical tables’, page 7
[image: ]

	
	 	    = 0.3020			
Using the calculator (Casio fx-991EX)
	Distribution
	Description
	This gives
	Graph
	Input

	4: Binomial PD
	Probability density function for a Binomial distribution
	P(X = x)
E.g.
For X ~ B(10, 0.2)
P(X = 2) 

	[image: ]
	· n  number of trials
· p  probability of success
· X the number of successes



	Using the calculator (Casio fx-991EX)
MENU
7: Distribution
4: Binomial PD
2: Variable
x = 2
N = 10
p = 0.2
=










P(X = 2) = 0.3020
	





Example 12
For a binomial distribution X ~ B(10, 0.2) find P(X ≤ 2) 
To answer the question:
 	P(X ≤ 2) = P(X = 0) + P(X = 1) + P(X = 2)

		 
		 = 0.1074 + 0.2684 + 0.3020
		 = 0.6778

OR
Using the calculator functions:
	Distribution
	Description
	This gives
	Graph
	Input

	5:Binomial CD
	Cumulative density function for a Binomial distribution
	P(X ≤ x)
E.g.
For X ~ B(10, 0.2)
P(X ≤ 2) 

	[image: ]
	· n  number of trials
· p  probability of success
· x the upper value of the cumulative number of successes



Using the calculator (Casio fx-991EX)
MENU
7: Distribution
Scroll to next page
1: Binomial CD
2: Variable
	x = 2
	N = 10
	p = 0.2
=












P(X ≤ 2)  = 0.6778







Care needs to be taken when calculating probabilities for discrete variables. The calculator and Binomial statistical tables give the cdfs. i.e. P(X ≤ x).
Here are some examples how to adjust the probabilities using cdfs.
	Probability
	For X ~ B(10,0.2) using cumulative tables or calculator
	Probabilities needed
	Probability

	P(X > 3) =
	1 – P(X ≤ 3) 
	P(X = 4) + P(X = 5) + P(X = 6) + P(X = 7) + P(X = 8) + P(X = 9) + P(X = 10)
	1 – 0.8791
= 0.1209

	P(X  ≥ 7) =
	1 – P(X ≤ 6) 
	P(X = 7) + P(X = 8) + P(X = 9) + P(X = 10)
	1 – 0.9991
= 0.0009

	P(X < 4) =
	P(X ≤ 3) 
	P(X = 0) + P(X = 1) + P(X = 2) + P(X = 3)
	0.8791

	P(X ≥ 1) =
	1 – P(X = 0) 
	P(X = 1) + P(X = 2) + P(X = 3) + P(X = 4) + P(X = 5) + P(X = 6) + P(X = 7) + P(X = 8) + P(X = 9) + P(X = 10)
	1 – 0.1074      = 0.8926

	P(3 < X < 6) =
	P(X ≤ 5) – P(X ≤ 3) 
	P(X = 4) + P(X = 5)
	0.9936 – 0.8791
=0.7745



Hypothesis testing using the binomial distribution
The definitions for hypothesis testing are stated on page 32.

The conditions (assumptions) to carry out a hypothesis test using the binomial distribution. The sample:
· consists of n identical trials;
· each trial results in one of two outcomes, a success or a failure;
· the probabilities of success, p, and of failure, 1 – p, are constant across trials;
· the trials are independent, i.e. not affected by the outcome of other trials;
· the data are assumed to be random.



To carry out the hypothesis test using a test statistic and a critical region
Example 13
A coin is tossed 6 times. Test at the 5% level of significance whether the coin is biased towards heads if 5 heads are obtained.
To answer the question: 
1. Define variables
p = the population proportion of the number of heads when tossing a fair coin 6 times.
Let X be the random variable the number of heads when the coin is tossed 6 times.
     Steps to carry out a hypothesis test: 
2. State null and alternative hypotheses
	
H0 : 
	H1
One- or two-tailed
	H1
	Comment

	Test for a difference or a change
	Two-tailed
	
H1: 
	Both and increase and decrease are being tested

	Test for an increase or
greater than
	One-tailed
	
H1:  
	Only interested in an increase

	Test for an decrease,
reduction or less than
	One-tailed
	
H1: 
	Only interested in a decrease; reduction



		H0: p = 0.5
		H1: p >0.5		one-tailed as coin is biased towards heads		
3. State the level of test
		 = 5%


4. Find P(X ≥ 5) (This can be considered a p-value)
For X ~ B(6, 0.5)
P(X ≥ 5) = P(X = 5) + P(X = 6) 

		  
	 	  = 0.1094
Using the calculator (Casio fx-991EX)
MENU
7: Distribution
Scroll to next page
1: Binomial CD
2: Variable
	x = 4
	N = 6
	p = 0.5
=

Or using the calculator functions
P(X ≥ 5) = P(X = 5) + P(X = 6)
		  = 1 – P(X ≤ 4)
		  = 1 – 0.8906
		  = 0.1094



5. Compare this value to the level of the test
 	0.1094 > 0.05 
6. State the conclusion
Reject H1 in favour of H0
7. Report your findings – always conclude in context 
		There is insufficient evidence to suggest the coin is biased.							


Example 14
Using a 5% level of significance, find the critical region for the one-tailed hypothesis test in Example 13.
The binomial distribution is discrete and therefore the critical region may not be exactly the size of the level of significance.
In this example the significance level is 5% in the upper tail.
Let X be the random variable the number of heads when the coin is tossed 6 times.
X~B(6, 0.5)						

Using’ Mathematical formulae and statistical tables’. page 26
These values can be taken from table 
[image: ]











or use the calculator functions to obtain the following values:Using the calculator (Casio fx-991EX)
MENU
7: Distribution
Scroll to next page
1: Binomial CD
1: List
Enter the x values 3, 4, 5
Press ‘=’
Enter N = 6, p = 0.5
The P values will display in the table on screen [P(X ≤ x)]

N.B. The values shown in the table on the calculator are truncated, to see the unrounded value please select the relevant cell.

	


	x
	P(X ≤ x)
	P(X > x)

	3
	0.6563
	0.3437

	4
	0.8906
	0.1094

	5
	0.9844
	0.0156



	
> 0.05
< 0.05

Since P(X > 5) = P(X = 6)
The critical region is X = 6		
The size of the critical region is 0.0156

Normal approximation to the binomial distribution
The Normal distribution can be used as an approximation for the binomial distribution, B(n, p) where n is the number of trials and p is the probability of success, when:
· n is large 
· p is close to 0.5
The conditions ensure that the binomial distribution is reasonably symmetrical.
Parameters for the Normal distribution are the mean and variance. So when used as an approximation to the binomial the parameters are given by:
		Mean = np   
		Variance = np(1 – p)
Continuity correction
This is used when a continuous distribution is used to approximate a discrete distribution. 
The correction is to either add or subtract 0.5 of a unit for each discrete x-value. This fills in the gaps to make the discrete distribution continuous. This is very similar to expanding limits to form boundaries with grouped frequency distributions. 

Examples			    	     
	For a discrete distribution
	With continuity correction

	x = 137
	136.5 ≤x ≤ 137.5

	x > 137
	x ≥ 137.5

	x ≥ 137
	x ≥ 136.5

	x < 137
	x ≤ 136.5

	x ≤ 137
	x ≤ 137.5


Example 15
It is known that in a pack of mixed wildflower seeds 35% are cornflower seeds. Use the normal approximation to the binomial distribution to find the probability that in a sample of 400 seeds there are:
a) less than 120 cornflower seeds;
b) between 120 and 150 cornflower seeds inclusive;
c) more than 160 cornflower seeds.

 Let X be the random variable the number of cornflower seeds.
		X ~ B(400, 0.35)
		X ≈ Y 	N(400 × 0.35, 400 × 0.35 × 0.65)
		X ≈ Y 	N(140, 91)
a) less than 120 cornflower seeds;
Using the calculator (Casio fx-991EX)
MENU
7: Distribution
2: Normal CD
Lower x value = –1000 (small value)
Upper x value = 119.5


Standard deviation  = 

Mean  = 140
=

P(X < 120) = P(Y ≤ 119.5)   using the continuity correction
	      = 0.0158







b) between 120 and 150 cornflower seeds inclusive;
Using the calculator (Casio fx-991EX)
MENU
7: Distribution
2: Normal CD
Lower x value = 119.5
Upper x value = 150.5


Standard deviation  = 

Mean  = 140
=

	P(120 ≤ X ≤ 150) = P(119.5 ≤ X ≤ 150.5)
			     = 0.8487










c) more than 160 cornflower seeds.Using the calculator (Casio fx-991EX)
MENU
7: Distribution
2: Normal CD
Lower x value = 160.5
Upper x value = 1000 (large value)


Standard deviation  = 

Mean  = 140
=


P(X > 160) = P(X ≥ 160.5)
	       = 0.0158








For questions on this topic see: A level Mathematics Sample Assessment Material, Paper 3, Question 5; AS Mathematics Sample Assessment Material, Paper 2, Question 5.
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Daily total sunshine vs Daily mean total cloud cover

for a sample of 10 days in Leuchars August 2015
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Critical Values for Correlation Coefficients

These tables concern tests of the hypothesis that a population correlation coefficient pis 0. The values
in the tables are the minimum values which need to be reached by a sample correlation coefficient in
order to be significant at the level shown, on a one-tailed test.

Product Moment Coefficient Spearman’s Coefficient
Tevel Samole Tevel
0.10 0.05 0.025 0.01 0.005 0.05 0.025 0.01
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0.6870 0.8054 0.8783 0.9343 0.9587 5 0.9000 1.0000 1.0000
0.6084 0.7293 0.8114 0.8822 0.9172 6 0.8286 0.8857 0.9429
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Daily total sunshine vs Daily maximum temperature Leuchars July 1987
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6 Statistical Tables

Binomial Cumulative Distribution Function
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