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[bookmark: _Toc471816315][bookmark: _Toc121832408]Introduction
This booklet has been produced to support mathematics teachers delivering the new
Pearson Edexcel Level 3 Advanced Subsidiary and Advanced GCE in Mathematics (8MA0 and 9MA0) specifications for first teaching from September 2017.
This booklet looks at mechanics content of AS and A level Mathematics qualifications and is intended to offer explanations of the terminology that is being used in specifications and includes guidance on how to approach teaching of the content. This document is designed to give teachers a starting point and does not include all possible approaches to topics discussed. 

Mechanics is a rich and interesting part of the syllabus to teach. It can help students see how simple equations can model accurately the world to predict future events and to analyse the present. This guide is intended to give you a starting point for those topics in which learners frequently develop misconceptions in their understanding and some teaching strategies to avoid them. This guide is for you to dip in and out of, during the year, before you start to teach a key topic and is intended to supplement the knowledge you will see in textbooks. This guide is intended to cover key points rather than the whole syllabus.
If you are an experienced Mechanics teacher, you may find some alternative approaches to what you see in textbooks. It also contains information that is a little bit beyond what students need but will help answer some of their common awkward questions.
[bookmark: _Toc483228379][bookmark: _Toc121832409]Content of Mechanics

	Content
	AS level content
	A level content

	Forces
· in static situations
· in dynamic situations (using kinematic acceleration formulae)
· their application to Newton’s Laws
	
Simple 2D situations
Resolution of forces is not required

	
In 2D situations including friction and resolving forces into components

	Kinematics 
· the equations of motion for constant acceleration
· displacement velocity and acceleration time graphs
· variable acceleration problems using calculus
	
1D problems or simple 2D problems and can include particles connected over a pulley

	
2D problems e.g. involving resolving components and projectiles

	Moments
· their applications to solving static problems
	
Not in AS
	
Equilibrium of rigid bodies such as ladder problems

	Dynamics
· the accelerations as a result of forces linking back to using kinematics
	
Newton’s laws of motion
Including connected particles and 1D situations
	
Newton’s laws of motion in 2D situations including particles on an inclined plane

	Vector Techniques
· applied to Dynamics and Kinematics
	
Including unit vectors i and j and column vectors
	
Including unit vectors i and j, column vectors and equations such as v = u +at



Compared to the previous version of the Edexcel Mechanics specification, Impulse and Momentum is no longer included in the 8MA0 or 9MA0 specification and is only covered in Further Mathematics (8FM0 and 9FM0).

You may find that some students, who struggle with the pure content of the syllabus, really flourish when presented with the Mechanics content. Conversely, there are students, who encounter no difficulties with the pure content but who struggle with the Mechanics content. Students can often struggle when trying to translate the words of a problem or when trying to interpret a diagram into a series of equations to be solved. These equations can often be very simple to solve when they are written down on paper. The key will be for students to get plenty of experience and practice in order to increase their modelling confidence. 

There are key phrases that are common to questions to prevent students from overcomplicating their solutions. 
For example, in “A particle P of mass 3 kg is projected up a line of greatest slope of a rough plane inclined at an angle of 30o to the horizontal with a velocity of 10 ms-1.”
The phrase “up a line of greatest slope” means that the particle is simply moving straight up the slope and not moving diagonally.
[image: ][image: ]
10m s– 1


10m s– 1



It is also worthwhile talking through the significance of the key modelling words that you will find at the start of a Mechanics textbook. For example, connected particles questions contain the wording “light inextensible string”. “Light” is a keyword for students to indicate that they can ignore the string’s mass in their equations. “Inextensible” is there to show that, since the string length is constant the particles at the ends of the string must have the same magnitude of acceleration and speed when the string is taut. The maths behind extensible strings or cables, which act like a spring, are beyond the scope of the syllabus. These keywords will help students to realise the extent of the content, so that they understand what they do not need to consider in their modelling and hence stop them overcomplicating their approaches. As teachers we do not find these terms too challenging, but students, with everything else that they are asked to do, can become confused by some of these phrases. It is easy for teachers and examiners to take some of the contexts for granted in questions. Simply try to think through the literal meaning of a question about a “milk float” rolling down a hill and you will have some of idea of the issues that students can encounter.

In Mechanics students need to have confidence in:
· solving quadratics, often using the quadratic formula;
· Pythagoras’ theorem with algebraic terms;
· integration and differentiation of expressions that are not purely functions of x and y, for example where s (displacement) is a function of t (time);
· manipulating equations with trigonometric terms in them, for example when resolving forces in statics problems (but remember that resolving is only A level).

It is good advice to recommend only using a calculator at the very last line to avoid any rounding errors emerging from previous stages. You will likely need to give plenty of support to less able students to do this.  

Giving a general structure as to how to layout solutions for each of topic can often help. When students have to pick apart the words of a question, you may find that their working can become disjointed as they write down various mathematical statements before they decide upon the overall direction to take. You may also find that there is often more than one way to solve a Mechanics problem. For example, in moment problems, simply adding statements such as “taking moments about X”, “resolving vertically” or “Sub eqn 1 into eqn 2 for T” (after labelling equations 1 and 2) can help turn a stream of maths into a good logical solution that can be easily followed. Examples of how to structure and annotate solutions have been included in this guide. Simple advice to students, like quoting an equation before using it and then writing it again with their own values before attempting to work anything out, often helps to prevent the loss of the more straightforward marks at the beginning of a question. It can certainly ensure that work is more easily followed so that what has been done can be unpicked in order to offer advice. 
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[bookmark: _Toc471816317][bookmark: _Toc121832410]Forces: Statics and Dynamics (AS and A level)

When introducing forces there are two distinct cases to consider: 
· Statics: where there is no overall resultant force (and the object is either stationary or moving but not accelerating);
· Dynamics: where there is a resultant force which would produce an acceleration. Some textbooks will cover the situation where there is a resultant force in early questions but do not make the distinction clearly between the two cases. 
One way to introduce the dynamics case, is to get students to imagine a freeze frame in a video in which they have to calculate the overall resultant force, and therefore the direction of the acceleration, when the play button is pressed. A good example of this is a satellite in deep space with retro-rockets firing in different directions. It is necessary to calculate the overall resultant force on the satellite. When students have later covered Newton’s second law (F = ma) they can calculate the resultant acceleration of the satellite.

You will find that Mechanics is an interesting part of the syllabus for you to have the confidence to adjust, or make up simple questions, depending on what direction the students drive your lessons in, without the maths going too wrong.  





[bookmark: _Toc471816318]

[bookmark: _Toc121832411]Kinematics: Velocity - Time Graphs (AS and A level)

Students will have encountered distance–time and speed–time graphs at GCSE. In this course they could also encounter acceleration–time graphs. In this section we will highlight some of the difficulties you may see when they are working with velocity–time graphs. Students often find this quite an enjoyable topic once they have got to grips with it, although there are quite a few initial misconceptions that are worth discussing before you start actual questions. It is common for students, who study Physics, often to use the figure for the acceleration due to gravity as 9.81ms-2. In Mechanics, unless specified otherwise, we use 9.8 ms-2 for the acceleration due to gravity. When using g to 2 significant figures it is important for students to not give their final answers to more than 3 significant figures or they could be penalised in an examination.
A good way to start is just to throw a ball vertically into the air, catch it and ask the students to sketch the velocity–time graph for the time that the ball is in the air. You will get some interesting results and it’s worth gathering a few on the board and asking the class to describe the motion represented by the graph. 
The actual answer is quite counter-intuitive and looks like this Velocity (ms–1)
Time (s)








Most students will be reluctant to draw a graph that goes below the axis. Many will unconsciously draw the parabolic trajectory of a ball thrown upwards and forwards. This is a good moment to bring into the discussion the fact that they already know that acceleration is represented by the gradient of the graph and that a curved velocity-time graph must therefore imply variable acceleration due to gravity whereas the acceleration due to gravity is constant. Some will have quite a fixed idea that the acceleration on the way down must have a different sign to when the ball was on the way up, but acceleration is always towards the earth regardless as to whether the object is moving up or down. You will also find that a lot of students are reluctant to start their graph at points that are not the origin.
Students often do not like drawing a graph where time is the horizontal axis even though they are generally happy to interpret time series graphs from GCSE work. It is also common that students will tend to draw graphs of trajectories.



The wording of exam questions is carefully considered, and in the example it clearly specified that it is about the “time that the ball was in the air”. Many students will try to draw graphs that included the period when the ball was being accelerated in your hand and deceleration when you caught it again. It is common for students to add a solid vertical line to the end of their graphs, but they will lose marks in an exam for doing so. A vertical dotted line to the axis suffices to indicate the time at which the motion ends.

	

 


Velocity (m/s)

A
Time (s)





	The classic trajectory answer that students provide 
It is worth going through with your students what this graph represents. The ball starts in your hand with zero velocity and then its vertical speed increases to the time A at which point it is still moving upwards. After A it is still moving up, but its speed is decreasing down to zero at which point it just hangs in the air. A variant of this is also seen drawn out of two straight lines.
It is worth using this type of answer to highlight that the gradient of this curve varies but that acceleration due to gravity should be constant. 
The students often have a lot of fun interpreting each other’s graphs and some of the interesting situations that they represent.





[bookmark: _Toc471816319][bookmark: _Toc121832412]Kinematics: The constant acceleration formulae (AS and A level)

We will be concentrating here on part (b) of this question using the constant acceleration (suvat) formulae although it can be solved using the graph in part (a). 
	Example Question
A small ball is projected vertically upwards from ground level with speed u ms−1. The ball takes 4 s to return to ground level.
a) Draw, in the space below, a velocity-time graph to represent the motion of the ball during these 4 s.

The maximum height of the ball above the ground during the first 4 s is 19.6 m. 
b) Find the value of u.  



When teaching this topic students often struggle to identify which of the constant acceleration (suvat) formulae to use. Listing out the information from the question, in the format below, helps to filter out any unnecessary information. Remember to emphasise that we model objects as particles and do not take into account their physical dimensions. It is also worth pointing out that there are 5 variables; 
s (displacement), u (initial velocity), v (final velocity), a (acceleration) and t (time) and that there are 5 formulae:


Each formula contains 4 of the 5 variables so that each formula omits 1 of the variables.
[bookmark: _Toc471816320]Method 1
	(The students need to realise that final velocity of 0 is implied when the projectile reaches its greatest height) 

(time is not needed for this solution method)
	s = 19.6 m 	
u = ? ms–2
v = 0 ms–1
a = – 9.8 ms–2 
t  = n/a
	Using  
v2 = u2 + 2as
02 = u2 + 2 × – 9.8 × 19.6
02 = u2 –  384.16   

 = u 
           u = 19.6 


 
It is useful for students to know that there is only one of the constant acceleration (suvat) formulae that does not involve time as a variable; this is v² = u² + 2as. It is good practice to quote the equation before carrying out any substitution. A common problem is for students to incorporate too much information from the question, accidentally using “4 seconds” from part (a).
Remember to emphasise to your students that since we are using a standard value of 9.8 m s-2 that has been rounded to 2 significant figures their answers should not be given to more than 3 significant figures. 
Method 2
At this level we ignore the effects of air resistance in the model. If we were to include air resistance then the time taken by the ball to fall to ground level, from its greatest height, would be greater than the time taken by the ball to rise from ground level to its greatest height.”
In our model therefore the speed at any point on the way down is the same as on the way up. Effectively this means that if the object takes 4 seconds to return to ground level, we can assume that the object is at its highest point after 2 seconds.
We can therefore solve the problem as
s = 19.6 m
u = ? ms–1
+ve	v = 0 ms–1
a = – 9.8 ms–2
t = 2 s

Students can then use the simpler v = u + at or to answer the question.
A common problem in any suvat question is for students to get the signs of the quantities wrong, especially in questions involving vertical motion. In this question acceleration due to gravity is acting in the opposite direction to the initial motion and so if upwards is considered positive then it is important that the acceleration has a negative value. Effectively we treat anything that is upwards as being a positive quantity and any that are downwards as being a negative quantity. We can, however, choose any direction we like as being the “positive” direction. When dropping a ball down a well and measuring the time before the ball hits the bottom, we can choose to use down as the positive direction and calculate the depth of the well. Both displacement and acceleration would have positive values. In our question it would not matter if we chose down as the positive direction, however the acceleration would have to be considered positive while the initial velocity and the displacement above ground level would be considered negative. A negative value would have to be interpreted in the context of the model. 
In a suvat question it is important for students to realise that “s” represents displacement (distance from the starting point), rather than the distance travelled. If we throw an object vertically upwards at 25 ms-1 and wish to know how long it takes to return to the ground then we set “s” to have a value of 0.   
A question could ask students to calculate the velocity with which the object returns to the ground. A common error is to think that the final velocity “v” must be 0. Emphasise that we are trying to calculate the velocity at the instant the object hits the ground and avoid listing the velocity after the object has been brought to rest after the impact.  
[bookmark: _Toc471816322][bookmark: _Toc121832413]Vectors (AS and A level)

Vectors using i and j components can be taught either at the beginning or at the end of a scheme of work, since vectors overarch many of the topics in the syllabus that need two-dimensional thinking. Some textbooks teach i and j components early on with each of the subsequent topics, such as dynamics, containing questions using i and j notation. Some textbooks have vectors as a standalone chapter at the end of the book, containing a selection of topics from the other chapters using i and j notation. You may find the second of these two options more useful if you have a less able group so that you ensure that their fundamental knowledge of the main topics is secure before moving on to attempting to teach them vector notation. Some students will have enough to establish their understanding of initially, such as understanding the constant acceleration formulae, without having to think about vector notation at the same time. Leaving these vector questions to the end can also be a good way to refresh, and consolidate, their earlier work. If you do have a stronger group, then there is often no issue with introducing the constant acceleration formulae and then also solving the relevant vector problems.	

One of the vector topics that is covered in the syllabus is the motion of two objects in a plane. It might be necessary to determine whether they meet or to work out how close they approach each other. If you wish you can introduce this early in the course, so that students can have some exposure to formal i and j notation. There are two key skills to master for this type of question:
· Being able to write down a position vector relative to the origin 
· Being able to write down a position vector of one object relative to another

It is worth highlighting to students that, before they put pen to paper, they should read the later parts of a multi-stage question. If the question eventually asks them to calculate the closest distance of approach between two objects, then it is worthwhile beginning to answer the question by finding the position vector of one object relative to the other. This can also be used, in earlier parts, to find, for example when one object is due North of another or whether two objects meet. If the question only asks students to determine whether two objects meet, it is often better to form separate equations, involving i and j, for the position of each object relative to the origin, since fewer mistakes are made using this approach. This method can readily be used to find the conditions for a collision or to find when one object is in a particular direction from another object. However, if the objects do not meet, this method cannot be used to calculate their closest distance. We will demonstrate both methods below. 





	Example Question
[In this question i and j are horizontal unit vectors due east and due north respectively. Position vectors are given with respect to a fixed origin O] 
A ship S is moving with constant velocity (3i + 3j) km h−1. At time t = 0, the position vector of S is (−4i + 2j) km.
a) Find the position vector of S at time t hours.
b) A ship P is moving with constant velocity (−2i + 3.5j) km h−1. At time t = 0, the position vector of P is (6i + j) km. Prove whether the two ships meet or not.


 
Most students are generally quite comfortable finding the position vector, relative to the origin. The result that 
			Position at a particular time = initial position + velocity × time
fits well with their view of how the world works and leads to
Part (a)				

(− 4i + 2j) + t(3i + 3j) km

The alternative version of , where all the i and j components are gathered together, is useful for the second part of this question. Be warned that students often need more support with this because it moves away from the fairly sensible concept of “initial position + velocity × time”.

(− 4 + 3t)i + (2 + 3t)j km
Part (b)
To prove that the two ships meet, they need to be in the same place at the same time. Two objects can have paths that cross (i.e. they have a position that is common to both their paths) but they will only meet if they are at that point at the same time. Students can become confused by inadvertently making a link back to simultaneous equations at GCSE level and try to find a crossing point at any time. We are only dealing with linear paths here and unless the lines are parallel there will always be a point where the paths cross, but the ships may be at that crossing point at the different time to each other.

First, we to find the position vector of 

	= (6i + j) + t( −2i + 3.5j)

 	= (6 − 2t)i + (1 + 3.5t)j

To find if the ships collide, we can equate their i components to find the time that they are the same displacement East of the origin and then equate the j components to find the time that they are the same displacement North of the origin. If it is the same value of t for both, East and North, then the ships must be in the same place at the same time. 
Equate i componentsImportant notation to preface their work and indicate they are equating i or j components. They could start with either.

 = (− 4 + 3t)i + (2 +3t)j 
The correct process is equating components.
	– 4 + 3t = 6 – 2tIt is not necessary to include i or j here.

	3t + 2t	= 6 + 4
	 5t 	= 10
	t	= 2
Equate j componentsIt’s important to have a final concluding statement

	2 + 3t 	= 1 + 3.5t
	2 – 1	= 3.5t – 3t
	1	= 0.5t
	2  	= t
The two ships are at the point 2i + 8j at the same time and therefore the two ships meet.



Alternatively, to determine whether the two ships meet we could calculate the position vector of one ship relative to the other ship or (it doesn’t matter which) and use Pythagoras’ theorem to find its length in order to find out whether the distance between the two ships can be zero. The previous method is far simpler in the case where two objects do not meet. This method should be used to find the closest possible distance between them. This method is more difficult but very important for your students. Its application to this question would look like:
The position vector of ship P relative to ship S is:

Students will often need reminding which vector to subtract. A useful way to remember this is final – start, which is true for any change in maths.





= (6 − 2t)i + (1 + 3.5t)j – [(− 4 + 3t)i + (2 + 3t)j]

Many students forget the extra brackets, commonly leading to sign errors in their manipulation





	= (10 – 5t)i +(– 1 + 0.5t)j
This vector gives us the displacements of P to the East and to the North of S at any time we chose.  We now need to use Pythagoras’ theorem to find the length of this vector and test whether it can have a length of 0 which would mean that the two ships meet. 

	A common error is for students to leave in the i and the j symbols.




	


	

Solving this is the trickiest part for students. The most common method involves squaring both sides to get an expression for d2 and is used in textbooks. Many students are uncomfortable working in terms of d 2 so the alternative is to realise that the only way for the distance, d, to be 0 is for the expression under the square root sign to equal 0. Students often find this concept more accessible but their logic for doing so needs to be clear in their working. 
For example, they should write:

	for then f(t) = 0 

	f(t) = 25.25t² – 101t + 101 = 0
There are several different routes to solving this and some students may not understand all of them. The last one is not often seen in current textbooks but is by far the simplest. The first two are included to highlight some of the issues students may have with techniques they may see in textbooks.
· 
Quadratic Formula: A reliable method (if numerical accuracy is good). If the two ships do not meet, then students need to be able to recognise that a negative discriminant indicates this. One variation of this question is where two objects do not meet, and the students are asked to find the closest distance between the objects. Many students do not recognise that the time for closest distance is found by using the line of symmetry of a quadratic curve with no real roots and is  from the quadratic formula.

· 
Completing the square: This is tricky for this type of equation however students could pick up the concept, from graph sketching, that when we have to carry out the first part of completing the square, , the value q represents the line of symmetry of the graph and therefore the time to reach the point of closest approach.


· Differentiation: This is generally easier than the first two methods. The time for collision, or even to reach the point of closest approach that the objects pass, will be represented by the turning point of the quadratic. 
Giving 
		f’(t) = 50.5t – 101 = 0

		= 2 seconds 	
In all three of these methods the common issue is that students forget to answer the question fully after having found the value of t. They often forget to substitute this back into the distance equation to show that the distance is actually zero.A simple concluding statement is required to finish the question off


		

		
The closest distance is zero and therefore S and P meet.
Students often struggle with the number of overall stages with this method but it is worthwhile persevering with it.

[bookmark: _Toc471816323][bookmark: _Toc121832414]Dynamics: Connected particles and Pulleys (AS level)

This example question could be assessed at AS level or could be extended to include friction or a particle on a slope for A level.
	 Example Question
[image: ] 
Two particles A and B have masses 2m and 3m respectively. The particles are attached to the ends of a light inextensible string. Particle A is held at rest on a smooth horizontal table. The string passes over a small smooth pulley, which is fixed at the edge of the table. Particle B hangs at rest vertically below the pulley with the string taut, as shown in Figure 2. Particle A is released from rest. Assuming that A has not reached the pulley, find
a) the acceleration of B,
b) the tension in the string.



Most methods that you will see to solve the first part of this question will involve writing down Newton’s equation of motion (F = ma) for A, involving the tension in the string, and Newton’s equation of motion for B which involves the tension and the weight of B. It is important that students realise that as the string is inextensible then the accelerations of A and B will have the same magnitude. These equations will then have to be solved simultaneously, eliminating tension to find the acceleration. Warning: students are often uncomfortable without having a specific value for the mass, but they will see that m drops out eventually.	

There is a much simpler way which involves treating both A and B as one object (since the magnitude of their accelerations are the same), looking at the acceleration forces, and deceleration forces to create an overall resultant force for Newton’s second law.	 




Resolve around the pulley and using F = ma This statement is important to guide the reader through the choice of solution. The direction of the arrow is sufficient to show that clockwise forces are considered to be positive.

 

			3mg = (2m + 3m)a
Make sure this is the total mass of the system. g is not needed because we are dealing with mass not weight.

Don’t forget to include g. If friction was involved this side would simply be 
3mg- Fr




Giving
			3mg = 5ma
	
m on both sides cancels out leading to,

			 or 5.88 ms–2 (to 3 s.f)

For part (b) the students need to draw a force diagram and apply Newton’s second law for either A or B. It really doesn’t matter which and we will demonstrate both.

For A					or		For B

ms–2

ms–2
T
R



Since the weight, 2mg, and the Reaction Force, R, have no horizontal component they play no part when we resolve horizontally
Since the acceleration is downwards 3mg is drawn larger than T
T


3mg
2mg








Resolve → and F = ma			or	Resolve ↓ and F = ma


						


	 or 11.8m N				 

	or 11.8m N

Since the answer still contains an unknown, m, students will question whether they have got it right. Familiarity, in class, with problems that contain unknowns throughout can be particularly helpful in preventing this uncertainty.


[bookmark: _Toc471816324][bookmark: _Toc121832415]Resolving Forces (A level only)

Resolving forces into their components, relative to an axis set is a fundamental skill in Mechanics. Students should be able to quickly write down expression for each component to set them up for answering more complex problems. If students are unable to do this, then they can quickly become stuck in the overall problem. It is very much like solving simultaneous equations at GCSE: each individual stage may be straightforward, but students need to be able to put these individual stages together or they might may encounter barriers when trying to solve the whole problem. 
It is always worthwhile proving, using basic GCSE trigonometry, where these components come from, but students need to be able to look at the 50 N and the 25° and automatically be able to write down the components, without much further thought. The key point is that students need to recognise whether a component is Opposite or Adjacent to the angle and which trigonometric ratio (either sine or cosine) goes with it. For the purposes of resolving the tangent ratio is not needed.
25°
50 N

	The vertical side is opposite the angle, so sine is the required ratio.
50 sin 25°


50 cos 25°

The horizontal side is adjacent to the angle, so cos is the required ratio.




Encourage students to not write down sin25°×50. A lot of calculators will interpret this as 
sin(25°×50) giving the wrong answer. It is important for subsequent working in questions that students keep terms in their exact trigonometric form, where possible, rather than calculating them as rounded decimals. Students may need a lot of reminders to do this, but if they use decimals they will end up with compounding rounding errors in subsequent sections of a question.
It is worth noting that, as forces are vectors, what is covered here is relevant to all vectors i.e., it is possible to have components of velocity and acceleration.




[bookmark: _Toc471816325][bookmark: _Toc121832416]Normal Reaction Forces (in AS level and used in Friction calculations at A level)

The normal reaction on an object resting on a surface is a concept that students can find a little bit tricky to understand. Common questions are: Where does it come from? How does it know how hard to push back? 
If we picture any object, such as a desk, as being elastic but so stiff that we cannot see it deform like a spring when a force is applied to it, we find the answers to these questions very quickly. Very simplistically, elastic objects, when compressed, produce an opposite force proportional to the compression distance. A reaction force is simply a build-up of elastic forces when two objects are pushed together. If we place a book on a desk the weight of the book compresses the desk imperceptibly. The desk will continue to compress until the compression results in a force that is equal and opposite to the weight of the book. Add another book and the desk will continue to compress until the compression results in an equal and opposite force. It is just not obvious because the desk cannot be seen to compress like a spring.
What is not often discussed in textbooks is that logically there must be a maximum reaction force that the desk can provide at which point the desk will break. We are now in a dynamic situation and the pile of books accelerate downwards. Hopefully the floor is now sufficiently strong to provide a sufficient reaction force to stop the books falling through to the cellar.
You can do an easy demonstration of reaction force by adding coins (you may need Blu Tack®) to a ruler bridging the gap between two desks. Balancing a stapler on a ruler also works well. Students can see the ruler increasingly bend as more weight is added, building up elastic energy in the ruler to provide a reaction force for the coins. Just in case students ask, as the ruler is bent the inner surface of the ruler acts like a spring in compression and the outer surface acts like a spring in tension to build up elastic energy to provide the reaction force. 



[bookmark: _Toc471816326][bookmark: _Toc121832417]Friction (A level only)
What is friction? Why does not the coefficient of friction, µ, have any units? How close is our model (that Friction = ) to reality?
Friction is partly the answer to the question as to why it is that the harder two rough surfaces are pushed together the greater is the force required to slide them across each other. The rougher the surfaces are then the more they “interlock” when pushed together. There are also significant attractive forces at an atomic level which means that the atoms of the two surfaces are attracted when in close proximity. Some structures have repulsive atomic forces such as Polytetrafluoroethylene (otherwise known as Teflon™) giving a low coefficient of friction making it excellent for non-stick frying pans.  

Students often ask why the coefficient of friction, µ, has no units. We can think about µ as giving the newtons of resistive force (to the objects sliding across each other) per newton of force pushing them together. This would give the units as being which cancel out, meaning that µ is dimensionless. 
In reality, as a force parallel to the surface, on which the object rests, increases so does the opposing friction until friction reaches its maximum value and the object starts to slide. The friction then reduces slightly, as the rough surfaces skip over each other without fully interlocking again. Therefore, it is much easier, when pushing a heavy object, to keep it moving rather than to start it moving or to stop it moving. This drop in the magnitude of friction is quite difficult to model at this level and so, for the purposes of this course, we model moving friction as having the same magnitude as the maximum friction (or limiting friction). 
Many students assume that the two halves of Velcro® fasteners have a coefficient of friction. Velcro® operates on a different principle entirely and does not require a normal force acting between the surfaces to generate a friction force. If we hang Velcro® vertically there is no force pushing the surfaces together which would give a, theoretically, infinite µ.
Generally speaking, the value of µ will be less than 1 however this is not always the case: rubber on wet concrete actually has a value of µ slightly higher than 1, aluminium on aluminium can be as high as 1.35. Another misconception is that surfaces that are glued together have a coefficient of friction that can be calculated. As for Velcro®, the force is independent of the normal reaction force, so it is not appropriate to think of this in terms of friction calculations.
Most students are comfortable with the concept that
	Friction (Fr) = μR 
However, the point on which to concentrate your efforts is the concept that the force of friction varies from maxR, up to its maximum friction value maxR at which point the object starts to slide across the surface. Many students find the concept that the coefficient of friction can vary to be quite counterintuitive.  



Students can confuse rolling resistance, in tyres, and friction. The mechanics of rolling resistance is beyond the specification, but it is worth understanding the basics so that you can answer students’ questions. There is always a slight bulge in the sidewalls of car or bike tyre as the bottom of the tyre is pushed into the road. As the tyre rolls forwards this bulge in the sidewall is continually flexed, as it, in effect, rolls around the circumference of the tyre. Energy is lost as a result, mainly as heat, in the same way that a squash ball gets hot after it’s been hit a few times. Energy is also lost through sound and your students may have noticed that mountain bike tyres are noisier and harder work than high pressure road bike tyres. In a Mechanics question the rolling resistance of the tyres and the air resistance on a vehicle would be considered as a single force called the “resistance to motion”. Friction occurs between that part of the tyre in contact with the road and the road to provide a breaking or accelerating force. Note that, even though the vehicle is moving the tyre itself is not sliding on the road surface, so we are not working with maximum friction.


[bookmark: _Toc121832418][bookmark: _Toc471816327]Why do objects slide down a slope? (A level only) 
Most students think the answer to this question is obvious but will then struggle to explain why. Once they have seen the answer, they often think it is simple but, like many tricky concepts, it is only simple when you know what the answer is. It is worthwhile letting students have a discussion as a lesson starter before pulling the key points together. Students need to be comfortable with the concept that forces at an angle to the horizontal has components before you attempt this discussion.
A very simple way to introduce this is to place a textbook on a desk that has been tipped up and watch the book slide down the desk. Ask why the book slides down the desk. You will get some interesting answers, some of which can be quite confusing to other students, but it is the process of beginning to question something that had always been taken for granted that is important. Students will be more openminded to the answer if you can get them to question their own entrenched views of how the world works.
You can draw the discussion to a close by asking the students to think about an object resting on top of two rails being pulled by a diagonal force (F) from below, such as in the following diagram. There is a component of the force parallel to the rails that pulls the object parallel to the rails. 



F



Tip the diagram so that the pulling force is now vertical, so the force represents the weight of the object and it’s much easier to see that there is now a component of the weight, parallel to the slope, that wants to move the object down the slope!




F







This idea helps to avoid the common error of incorrectly drawing the force triangle 



[image: ]
Tipping the diagram also nicely introduces the idea that we do not necessarily have to resolve in relation to an axis set that is horizontal/vertical. For an object moving along a slope, it makes the maths much easier if we resolve parallel and perpendicular to the slope.
The notation:
Resolve ↗ or ↙ (depending on the direction to be taken as positive) and Resolve          before doing so efficiently makes it clear what calculations are about to be made.[image: ] 
This discussion can be extended to note that, as the angle of the slope increases, so the magnitude of the normal reaction force decreases and the component of the weight of the object down the slope increases. Since the value of the coefficient of friction, µ, does not change so the maximum value of friction available to stop the object moving down the slope, decreases as the angle of the slope increases. Further the maximum value of friction is smaller than when the object is on a flat desk, simply because the magnitude of the normal reaction force is smaller.
With no equipment other than a protractor students can carry out a simple classroom experiment. Place a book on the desk and slowly tip it up, noting the angle at which the book just starts to slide. Measuring the angle is the trickiest bit; having a second desk next to the one you are tipping, as a horizontal reference line for the protractor, is often the easiest method. Redo the experiment a few times to check the angle and then the students can work through the maths to calculate the coefficient of friction between the book and the desk.  



[bookmark: _Toc121832419][bookmark: _Toc471816328]Moments (A level only) 
You will find that many students are very much at ease with the concept of a (turning) moment. They readily grasp the notion that a force and a longer perpendicular distance to the pivot (moment arm) could be more useful to them than one with a shorter moment arm. When turning a spanner, students instinctively understand that it would be inefficient to hold the handle close to the nut or push at anything other than a right angle to the moment arm and that a larger spanner is easier to turn than a smaller spanner. Challenge students to open a classroom door but only allow them to push closer to the hinge than the handle and they quickly get the overall idea that it is a combination of a force and a moment arm.
In the spanner problem many students arrive at the conclusion that if we can double the length of the moment arm and halve the force to turn the nut, we have somehow created free energy because it is easier to turn. Many of your students will have come across the concept of work done, in Physics, which is calculated by multiplying the force by the distance it moves and is measured in joules. In our case if the moment arm means that a force moves through a distance of 0.2 m we have done
10 × 0.2 = 2 joules of work in that action. If we double the moment arm, therefore doubling distance the force moves, we can halve the force still giving 5 × 0.4 = 10 joules of work done. Effectively the fact that we are using a lower force is balanced out by the fact that it has to move through double the distance to turn the nut through the same angle. This consideration of work done and energy is beyond the A level Maths syllabus but can help to get ideas straight in the students’ heads. 
[bookmark: _Toc471816329]The tricky bit
Even though many students can intuitively think about moments, students can often find the classic problem that follows difficult. They seem to struggle with the idea that we can take moments about anywhere on the bench and still get the same answer. 
It is counterintuitive for students to think about taking moments about a point about which the beam would not naturally rotate, such as either P or S, even though it is perfectly valid for them to do so. The point does not even need to be on the beam and the final answers will be the same. If you are showing them a model solution on the board, it is worth also quickly showing them another solution taking moments about, for example, one end of the beam. 









	Example Question

[image: ]
Figure 1

A bench consists of a plank which is resting in a horizontal position on two thin vertical legs. The plank is modelled as a uniform rod PS of length 2.4 m and mass 20 kg. The legs at Q and R are 0.4 m from each end of the plank, as shown in Figure 1.
Two pupils, Ahmad and Beatrice, sit on the plank. Ahmad has mass 60 kg and sits at the middle of the plank and Beatrice has mass 40 kg and sits at the end P. The plank remains horizontal and in equilibrium. 
By modelling the pupils as particles, find the magnitude of the normal reaction between the plank and the leg at Q and the magnitude of the normal reaction between the plank and the leg at R.



It is worth reminding your students that they must remember to use the weights of Ahmad and Beatrice, in newtons, and not their masses, in kilograms. Another common error is for students to forget the moment of the weight of the beam. It is always worth reminding students to draw a diagram, marking on it all the forces and distances.
It can be helpful to tell your students that we only ever consider static situations in our moment problems. The limit of the question would be where a weight is placed at a point on the beam above such as the end of the beam, so that the beam is on the “point of tipping” about Q or R. This is still a static situation and if we were to add anything heavier, then the beam would lift off one of its supports and the beam would begin to rotate about the other support. Rotational motion is beyond the scope of the syllabus. 
Since students can arrive at a solution by taking moments about any point it is important for them to make it clear, when they are forming their equations, exactly where they have taken moments about. 


There are two main approaches to setting up a moments problem
· Clockwise moments = Anticlockwise moments
Or
·  Clockwise moments – Anticlockwise moments = 0
It really does not matter which approach is chosen and students often prefer one approach to the other. It is common in the early stages of this topic to have to remind students that each term needs to have both a force and a moment arm length. It is also common to get the signs of moment terms the wrong way around. This is all the more true when taking moments about different points, in subsequent equations, to solve the problem. For example, if we take moments about P, or Q, Ahmad has a clockwise, positive, moment and when we take moments around R, or S, he has an anti-clockwise negative moment. It is also important to remind students that since we are using the acceleration due to gravity as 9.8 ms-2 (to 2 significant figures) answers should not be given to more than 3 significant figures or they will be penalised in an examination.
In this problem choosing the right point about which to take moments will make answering the question much easier. A good point to take moments about is one of the supports, for example Q. The force at that support is not included in the equation as there is no moment arm. There will only be one unknown left and the equation is easy to solve. Warning: students often find this a very tricky concept. Emphasise to students that it is like two people pushing to open a heavy door. One of them is pushing the handle and the other is trying to help by pushing at the hinge and hence one of them is completely wasting their time.
If, however, a student takes moments about one end of the beam, or even the middle, they will form an equation with both the reaction forces at Q and R in it which they cannot immediately solve. They would then have to take moments about another point to form a second equation in the reactions at Q and R and solve their equations simultaneously. In the early stages, of moments questions, watch out for students doing this and gently nudge them back in the direction of a simpler solution. A good mathematician should always step back, from the problem and its solution, and look for a more efficient solution.


The working looks like this: This statement is important to guide the reader since moments about any point could be taken. The direction of the arrow is sufficient to show that clockwise moments are considered to be positive here.  

 
[image: Line Arrow: Rotate right]



Taking moments about Q
	60g × 0.8
	+ 20g × 0.8
	– 40g × 0.4
	– FR × 1.6
	= 0

	Ahmad has a positive moment here. Remind your students to include g
	This term represents the moment from the weight of the beam acting halfway along its length, since the questions states the beam is “uniform”
	Beatrice’s moment is anti-clockwise and therefore needs a negative in front
	The moment from the support at R is also negative for the same reason. 
	The equation left hand side of the equation is equal to 0 because the bench is in equilibrium



Rearranging this equation leads toThis exact answer is not more than 3 significant figures so does not need rounding. It is always worth reminding your students that answers should not be given to more than 3 significant figures because the value of g has been used as 9.8 in their calculations.






To calculate the second reaction force we could repeat this process, but with moments about any other position on the beam. 

There is an alternative method to solve for the second unknown which is to resolve vertically. This leads to a much simpler equation to be solved. Sometimes students focus solely on using moment in solving a “moments” problem and forget that they can resolve vertically to answer the question more efficiently. It is often commented upon in Examiners’ reports that taking moments followed by resolving vertically is more reliable than if students take moments twice.

This statement is sufficient to indicate that we are resolving vertically and that forces upwards are considered positive  


Resolve 
	294
	+ FQ
	– 60g – 40g – 20g
	= 0

	Reaction force at R from the first calculation
	The reaction force at Q to be found
	We have taken up as the positive direction so the weights of Ahmad, Beatrice and the Bench are negative because they are downwards forces 
	The left had side of the equation is equal to 0 because the bench is in equilibrium


Leading to 
	FQ = 60g + 40g + 20g – 294 = 882 N



























































For more information on Edexcel and BTEC qualifications please
visit our websites: www.edexcel.com and www.btec.co.uk

Edexcel is a registered trademark of Pearson Education Limited

Pearson Education Limited. Registered in England and Wales No. 872828
Registered Office: 80 Strand, London WC2R 0RL. 
VAT Reg No GB 278 537121

image3.png




image4.png




image6.wmf
2222

11

;;2;;

222

uv

vuatstvuassutatsvtat

+

=+==+=+=-


oleObject1.bin

image7.wmf
384.14


oleObject2.bin

image8.wmf
2

uv

st

+

=


oleObject3.bin

image9.wmf
OS

=

uuur


oleObject4.bin

image10.wmf
OS

uuur


oleObject5.bin

oleObject6.bin

image11.wmf
OP

uuur


oleObject7.bin

oleObject8.bin

oleObject9.bin

image12.wmf
SP

uur


oleObject10.bin

image13.wmf
PS

uuur


oleObject11.bin

image14.wmf
SPOPOS

=-

uuruuuruuur


oleObject12.bin

image15.wmf
SP

uur


oleObject13.bin

image16.wmf
\


oleObject14.bin

image17.wmf
SP

uur


oleObject15.bin

image18.wmf
(

)

(

)

22

distance10510.5

dtt

==-+-+


oleObject16.bin

oleObject17.bin

image19.wmf
22

1001002510.25

dtttt

=-++-+


oleObject18.bin

oleObject19.bin

image20.wmf
2

25.25101101

dtt

=-+


oleObject20.bin

image21.wmf
(

)

f0

dt

==


oleObject21.bin

oleObject22.bin

image22.wmf
2

b

a

-


oleObject23.bin

image23.wmf
(

)

2

pxqr

éù

--

ëû


oleObject24.bin

image24.wmf
101

50.5

t

=


oleObject25.bin

image25.wmf
2

25.2521012101

d

=´-´+


oleObject26.bin

image26.wmf
1012021010

d

=-+=


oleObject27.bin

image27.jpeg
A4 (2m)

B (3m)




image28.wmf
3

5

ag

=


oleObject28.bin

image29.wmf
3

5

g


oleObject29.bin

oleObject30.bin

oleObject31.bin

oleObject32.bin

image30.wmf
3

T2

5

mg

=´


oleObject33.bin

image31.wmf
3

3T3

5

mgmg

-=´


oleObject34.bin

image32.wmf
6

T

5

mg

=


oleObject35.bin

image33.wmf
3

T33

5

mgmg

=-´


oleObject36.bin

image34.wmf
6

T

5

mg

=


oleObject37.bin

image35.wmf
N

N


oleObject38.bin

image36.png
& X




image37.wmf

oleObject39.bin

image38.wmf
() and ()

RR

^

Z


image39.jpeg
04m
R S

2.4m.





image40.png




image41.svg
  


image42.wmf
600.8200.8400.4

294N

1.6

R

ggg

F

´+´-´

=


oleObject40.bin

image1.png




image2.png




image5.emf

