A15	CALCULATE OR ESTIMATE GRADIENTS OF GRAPHS AND AREAS UNDER GRAPHS (INCLUDING QUADRATIC AND OTHER NON-LINEAR GRAPHS), AND INTERPRET RESULTS IN CASES SUCH AS DISTANCE-TIME GRAPHS, VELOCITY-TIME GRAPHS AND GRAPHS IN FINANCIAL CONTEXTS (THIS DOES NOT INCLUDE CALCULUS) (higher tier)


AREA UNDER GRAPHS

The area under a graph can be estimated by counting squares. 
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In this example, each square represents 5 units2. (Height of each square = 5, width of each square = 1   5 × 1 = 5 units2)
Number of whole squares = 26	
Area whole squares = 26 × 5 = 130 units2
Generally, incomplete squares are considered as half squares.
Number of incomplete squares = 8	
Area = 8 ×  × 5 = 20 units2
Total area = 130 + 20 = 150 units2















To make the estimate of the area under a graph more accurate we use the area of a trapezium.
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Area of trapezium = (a + b)h 
	= (15 + 35) × 6
	= 150 units2
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EXAMPLE 1


We can find the area of the curve below using 1 strip.  
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It can be clearly seen that the area of the trapezium is an over-estimate as the trapezium is bigger than the shaded area under the curve.
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Area under curve = Area of trapezium = (a + b)h = (15 + 45) × 6 = 180 units2
Find the area under the same curve using       
(a)   2 strips		(b)   3 strips		(c)   4 strips
For each say whether this area is an under-estimate or over-estimate.
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									Divide the area into two 
									trapeziums of equal width








Area under curve = Area 1 + Area 2			The width of each trapezium = 3   


   = [(15 + 25) × 3] + [(25 + 45 ) × 3]		The y values show the  sides of the trapeziums 
   = 60 + 105 = 165 units2

The area is an over-estimate.				The area of each trapezium is more
								than the area of  each shaded part
EXAMPLE 1
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Area under curve = Area 1 + Area 2 + Area 3		    The width of each trapezium = 2   



= [(15 + 20) × 2] = [(20 + 30) × 2] + [(30 + 45) × 2]
= 35 + 50 + 75 = 160 units2
The area is an over-estimate. 				The area of each trapezium is more
								than the area of  each shaded part
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Area under curve = Area 1 + Area 2 + Area 3 + Area 4	    	The width of each trapezium = 1.5   




= [(15 + 18) × 1.5] + [(18 + 25) × 1.5] + [(25 + 32) × 1.5] + [(32 + 45) × 1.5]
= 24.75 + 32.25 + 42.75 + 57.75 = 157.5 units2
The area is an over-estimate. 				The area of each trapezium is more
								than the area of  each shaded part


To improve the accuracy of the estimate, increase the number of trapeziums.
When estimating area under a curve, a maximum of four equal strips will be expected for the examination.
EXERCISE 1:



1. 	Work out the area of the regions bounded by the curve, the x-axis and the lines shown 	parallel to the y-axis.

	(a)   Use 3 equal strips



	(b)   Use 3 equal strips



	(c)   Use 3 equal strips


	(d)   Use 4 equal strips



	(e)   Use 4 equal strips


	(f)   Use 5 equal strips




2. 	The diagram shows the graph of y = 6x – x2
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(a)   Use 3 equal strips on the graph to estimate the area under the curve between
        x = 1 and x = 4	
(b)   Is the answer to part (a) an over-estimate or an under-estimate? Justify your answer.




VELOCITY-TIME GRAPHS

The area under a graph represents the distance travelled.

EXAMPLE 2



The graph shows the velocity of an object for the first 5 minutes.
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(a)   Use 4 equal strips on the graph to estimate the distance travelled in the first 4 minutes.
(b)   Is the answer to part (a) an over-estimate or an under-estimate? Justify your answer.


NOTE:  You should draw your trapeziums on the given graph as shown in red above.


(a)  Area under curve = Area 1 + Area 2 + Area 3 + Area 4





= [(1 + 2.5) × 1] + (2.5 + 4) × 1] + [(4 + 7) × 1] + [(7 + 10.5) × 1]

= 1.75 + 3.25 + 5.5 + 8.75			The width of each trapezium is 1 

= 19.25 metres					Do not forget to put the units

 (b)   It is an over-estimate as the trapeziums are above the curve (just).





EXERCISE 2:


1. The velocity-time graph shows the velocity of a car for the first 40 seconds.
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Work out the total distance travelled in the first 40 seconds

2. 	This graph shows a journey of a car.
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Work out the total distance travelled in the first 40 seconds


3. 	The diagram shows the speed-time graph for the last 18 seconds of Sandeep’s cycle journey.
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(a)   Work out distance travelled in the first 4 seconds.
(b)   Hence, or otherwise, work out distance travelled in the last 18 seconds.

4. 	The graph shows information about the speeds of two cars.
[image: ]

Which car travelled the furthest?
You must show your working.


5. 	  The graph shows a car’s speed, in m/s, varies in the first 6 seconds after the car moves from rest.0
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Use 3 equal strips on the graph to estimate the distance travelled in the first 6 seconds.



6.  	Usain runs in a race. 
The graph shows his speed, in metres per second (m/s), during the first 10 seconds of the race.

[image: ]

(a)   Use 4 equal strips on the graph to estimate the total distance travelled in the         first 10 seconds.
(b)  Is the answer to part (a) an over-estimate or an under-estimate? Justify your answer.



7. 	The graph shows information about the velocity, v m/s, of a parachutist t seconds after leaving a plane.
[image: ]

(a)   Use 4 equal strips on the graph to estimate the total distance travelled in the first 12 seconds.
(b)   Is the answer to part (a) an over-estimate or an under-estimate? Justify your answer.






8. 	Here is a speed-time graph for a car.

[image: ]

(a)   Use 3 equal strips on the graph to estimate the total distance travelled in the first 9 seconds.
(b)   Is the answer to part (a) an over-estimate or an under-estimate? Justify your answer.



9.	 Karol runs in a race.
The graph shows her speed, in metres per second, t seconds after the start of the race.

[image: ]
(a)   Use 4 equal strips on the graph to estimate the total distance travelled in the first 8 seconds.
(b)   Is the answer to part (a) an over-estimate or an under-estimate? Justify your answer.




10. 	Here is a speed-time graph for a car journey.
The journey took 100 seconds.
[image: ]
The car travelled 1.75 km in the 100 seconds.
Work out the value of V.


FURTHER CONTEXTUALISED GRAPHS



11. 	The graph shows the rate at which water is flowing from a pipe.
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(a) Work out the area under the graph between t = 0 and t = 70
(b) Give an interpretation to the value found in part (a).


12. 	The graph shows the rate of petrol is flowing in a pipe.10
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(a)   Use 4 equal strips on the graph to estimate the volume of petrol flowing in the 
        first 20 minutes.
(b) Is the answer to part (a) an over-estimate or an under-estimate?   Justify your answer.

13.	The graph shows the amount of power, in kilowatts, produced by a solar panel over a period 	of time, in hours.
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The area under a power-time graph represents the amount of energy produced.
(a)  Use 3 equal strips on the graph to estimate the amount of energy produced 
       between t = 1 and t = 4
(b)  Is the answer to part (a) an over-estimate or an under-estimate?   Justify your answer.

EXTENSION EXERCISE


1. 	An athlete runs along a straight road. 
	She starts from rest and moves with constant acceleration for 5 seconds, reaching a speed of 8 m/s 
	This speed is then maintained for 50 seconds. She then decelerates at a constant rate until she 	stops. She has run for a total of 75 seconds.
(a)   Sketch a speed-time graph to illustrate the motion of the athlete.
(b)   Work out the total distance, in m, run by the athlete.


2. 	A girl runs a 450 m to a shop in a time of 90 s. It is assumed that, starting from rest, she 	moves with constant acceleration for 4 s, reaching a speed of V m s−1. She maintains this 	speed for 60 s and then moves with constant deceleration for 26 s until she stops.
(a)  Sketch a speed-time graph for the motion of the girl during the whole race.
(b)  Work out the value of V.


3. 	A car accelerates uniformly from rest for 20 seconds. 
	It moves at constant speed v m s−1 for the next 40 seconds and then decelerates uniformly 
	for 10 seconds until it comes to rest.
(a) For the motion of the car, sketch a speed-time graph,
Given that the total distance moved by the car is 880 metres,
(b) find the value of v

4. 	A car is travelling along a straight horizontal road. 
	The car takes 120 s to travel between two sets of traffic lights which are 2145 m apart. 
	The car starts from rest at the first set of traffic lights and moves with constant acceleration 	for 30 s until its speed is 22 m s−1. 
	The car maintains this speed for T seconds. 
	The car then moves with constant deceleration, coming to rest at the second set of traffic lights.
(a)  Sketch a speed-time graph for the motion of the car between the two sets of traffic lights.
(b)  Find the value of T.


ANSWERS
Exercise 1
1. 		(a)   21			(b)   36			(c)   80 		
		(d)   980		(e)   170		(f)   4900

2. 	(a)   24.7	(b)   Under-estimate as area of each trapezium is below the curve.

Exercise 2

1. 	375m

2.	550m

3.	(a)   16m		(b)   76m

4.	Car A travels 350m
	Car B 637.5m
	So car B travelled the furthest

5.	128m

6.	(a)   95.75m		(b)   Under-estimate as area of each trapezium is below the curve.

7.	(a)   459m		(b)   Under-estimate as area of each trapezium is below the curve.

8.	(a)   65.25m		(b)   Over-estimate as area of each trapezium is above the curve.

9.	(a)   54.4m		(b)   Under-estimate as area of each trapezium is below the curve.

10.	25m/s

11.	(a)   30 		(b)   This represents the volume of water.

[bookmark: _GoBack]12	(a)   288.75 		(b)   Over-estimate as area of each trapezium is above the curve.

13.	(a)   3.65		(b)   Under-estimate as area of each trapezium is below the curve.
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V
m/s

8

0

5

55

75

t (seconds)


1. 	(a) 






(b)   500 m
2. 	(a) 
V
m/s

v

0

4

64
90
t (seconds)









(b)   v = 6m/s
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(b)   v = 16m/s
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(b)   T = 75 seconds
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